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@o�o´êÆy²?

êÆy²´Ã��Â�Øy, m©u\���&E, ÏLÜ6ín?1

e�, �ª��\��¦y²�(J.

\ATÏL�e\���&Em©\�y²,,��²�o´\��¦

y²�. XJ\���&E½\��¦y²�&E¥�¹;�â�, @o\

AT�eù
;�â��½Â.

z�y²ÑATd���éf|¤. z��ù��éfÑAT´d(i)�

c¤�ã�SN ½(ii) ®�y²�½n, ·K½Ún ¤í�Ñ�.

3�Öp\òw�éõy², �´5¿êÆØ´�*ö�$Ä, ¨´ë

\ö�$Ä. ÆS�y²����{´gCÁX��.

12
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§1.1 ÿÀ

½Â 1.1.1. �X���8. X�f8qτ �¡�Xþ���ÿÀ, XJ

(i) X Ú�8∅áuτ ,

(ii) ?Û(k�½Ã�)�τ¥8Ü�¿8áuτ ,¿�

(iii) τ¥?Ûü�8Ü��8áuτ .

¡óé(X, τ) ���ÿÀ�m.

~ 1.1.2. -X = {a, b, c, d, e, f} 9

τ1 = {X, ∅, {a}, {c, d}, {a, c, d}, {b, c, d, e, f}}.

Kτ1´Xþ���ÿÀ, du§÷v½Â1.1.1�^�(i), (ii), (iii).

~ 1.1.3. -X = {a, b, c, d, e} 9

τ1 = {X, ∅, {a}, {c, d}, {a, c, e}, {b, c, d}}.

Kτ2Ø´��Xþ�ÿÀ, duτ2¥ü�8Ü�¿8

{c, d} ∪ {a, c, e} = {a, c, d, e}

Øáuτ2; u´τ2Ø÷v½Â1.1.1�^�(ii).

~ 1.1.4. -X = {a, b, c, d, e} 9

τ3 = {X, ∅, {a}, {f}, {a, f}, {a, c, f}, {b, c, d, e, f}}.

Kτ3 Ø´��Xþ�ÿÀ, duτ3¥ü�8Ü��8

{a, c, f} ∩ {b, c, d, e, f} = {c, f}

Øáuτ3; u´τ3Ø÷v½Â1.1.1�^�(iii).
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~ 1.1.5. -N �g,ê8 (=��ê8), -τ4dN, ∅9¤kN�k�f8|

¤. Kτ4 Ø´Nþ���ÿÀ, duXeÃê�8Ü�¿8

{2} ∪ {3} ∪ · · · ∪ {n} ∪ · · · = {2, 3, . . . , n, . . .}

Øáuτ4; u´τ4Ø÷v½Â1.1.1¥�^�(ii).

~ 1.1.6. �X�?Û��8, -τ�¤kX¥f8¤|¤�f8q. Kτ¡�

8ÜXþ�lÑÿÀ. ÿÀ�m(X, τ) ¡�lÑ�m.

·�5¿�½Â1.1.6¥τ÷v½Â1.1.1�^�,Ïd(¢´��ÿÀ.

5¿½Â1.1.6¥8ÜX��?¿��8. ¤±�3Ã��lÑ�m—

z�lÑ�méA��8ÜX.

½Â 1.1.7. �X�?¿��8, -τ = {X, ∅}. Kτ¡�²TÿÀ, (X, τ)¡

�²T�m.

·�Ø�Ø2gØ¢ùp�τ(¢÷v½Â1.1.1�^�, ¤±´��ÿ

À.

·�2g*	�½Â1.1.7¥�8ÜX�±�?¿��8. Ïd�3Ã�

�Ø�©�m—z�Ø�©�méA��8ÜX.

3�Ù�ÚóÜ©·�?Ø
y²��5, ±93�y²��ÿ,

�oA��Ä?�. ·��k'uy²�²{3~1.1.8Ú·K1.1.9.

\ATc[/ïÄù
y².

~ 1.1.8. eX = {a, b, c}, τ´Xþ���ÿÀ,¿�{a} ∈ τ, {b} ∈ τ,9{c} ∈
τ , ¦yτ�lÑÿÀ.

y²©

·�®k�&E´τ´��ÿÀ, {a} ∈ τ, {b} ∈ τ,9{c} ∈ τ .

�¦·�y²τ´lÑÿÀ;=�¦·�yÑτ�¹X¥¤k�f

8(d½Â1.1.6). PXτ´��ÿÀ, Ïd÷v½Â1.1.1¥�^�(i),

(ii), (iii).

Ïd, ·�ò±�e¤kX¥�f8��y²�m©.
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8ÜXk3���, Ïd§k23�pØ�Ó�f8. §�´: S1 = {∅}, S2 =

{a}, S3 = {b}, S4 = {c}, S5 = {a, b}, S6 = {a, c}, S7 = {b, c}, 9S8 =

{a, b, c} = X.

�¦·�yÑz��f8áuτ . duτ´��ÿÀ,½Â1.1.1�^�(i)`

²XÚ∅áuτ ; =S1 ∈ τÚS8 ∈ τ .

·�®�{a} ∈ τ, {b} ∈ τ9{c} ∈ τ ; =S2 ∈ τ, S3 ∈ τ ÚS4 ∈ τ .

�
�¤y², ·�I�yÑS5 ∈ τ, S6 ∈ τÚS7 ∈ τ . S5 = {a, b} =

{a} ∪ {b}. du®�{a}Ú{b}áuτ , ½Â1.1.1¥^�(ii)L²§��¿8�

áuτ ; u´S5 = {a, b} ∈ τ .

�q/,·�kS6 = {a, c} = {a}∪{c} ∈ τ9S7 = {b, c} = {b}∪{c} ∈ τ.

3�Ù�ó�µØp, ·�J�êÆØ´���*ö�$Ä. \AT�

� È4�ë�ö. �,\�ë\�¹
��
öS. �´3é\�Ï"p

��¹�õSN. \Ø�ØéÐy3\¡c�ÆSSN?1g� .

\�?Ö��´w·�®²yÑ�(J,¿¯�'�¯K.~X,·�f

fy²LXJz��ü:8{a}, {b}Ú{c}áuτ¿�X = {a, b, c}, Kτ´l

ÑÿÀ.\AT¯ù´Ä==´�2��y�¥���~f;=XJ(X, τ)´

?Û÷vτ�¹¤kü:8�ÿÀ�m, @oτ´Ä�½´lÑÿÀ? �Y

´“´”, ¿�·K1.1.9�Ñ
y².

·K 1.1.9. e(X, τ)´��ÿÀ�m, �é?Ûx ∈ X, ü:8{x}áuτ ,

Kτ�lÑÿÀ.

y²©

�(J´é~1.1.8�í2. Ïd\�U¬Ï�y²´�q�. ,

, ·�ØU�3~1.1.8¥@�, �ÑX�¤k�f8, Ï�X�U

´�Ã�8. ÃØN�·�7LyÑ?Û X¥�f8áuτ .

3ù���\�U�p¦�é�
AÏ�¹�y²ù�(J,~

X, 4Xd4�, 5�½ö100���|¤. �´ù«�{5½��}.

£Á�e·�3�Ùm©�µ5pòêÆy²£ã�%YØ¦�í

n. ÏL�ÄA«AÏ�¹, ½öéõ�AÏ�¹, ·�ØU��%

YØ¦�ín. ù��ín7L�¹¤k��¹. ¤±·�7L�Ä
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�����?Û��8Ü��¹. ·�7LÏL,«�{yÑX¥

�z�f8Ñáuτ .

2g£�é~1.1.8�y²,·�@£�'�:´?ÛX�f8´X

¥�
ü:f8�¿8,¿�·�®�¤k�¤k�ü:f8áuτ .

é����¹, ù
EÎ¤á.

·�±P¹ez�8Ü´Ùg��ü:f8�¿8�¯¢m©·��y².

-S�X¥?�f8. @o

S =
⋃

x∈S

{x}.

du®�z��{x}áuτ , ½Â1.1.1¥^�(ii)9þ>��ªL²S ∈ τ . d

uS�X¥�?¿f8,·��Ñτ´lÑÿÀ.

z�8Ü´Ùg��ü:f8�¿8´��3�ÖpNõØÓ�þe

©p, ·�Ñ�Ø�^��(J.5¿�$��S = ∅�ù^5�Ñ¤á,Ï

�@�·�½Â�o���¿ , ¿±∅��(J.

SK1.1

1. -X = {a, b, c, d, e, f}. �O±ez�8ÜX¥f8q´Ä´Xþ���

ÿÀ.

(a) τ1 = {X, ∅, {a}, {a, f}, {b, f}, {a, b, f}};

(b) τ2 = {X, ∅, {a, b, f}, {a, b, d}, {a, b, d, f}};

(c) τ3 = {X, ∅, {f}, {e, f}, {a, f}}.

2. -X = {a, b, c, d, e, f}. Xe@
X�f8q´Xþ���ÿÀ? (�Ñ

nd)

(a) τ1 = {X, ∅, {c}, {b, d, e}, {b, c, d, e}, {b}};

(b) τ2 = {X, ∅, {a}, {b, d, e}, {a, b, d}, {a, b, d, e}};

(c) τ3 = {X, ∅, {b}, {a, b, c}, {d, e, f}, {b, d, e, f}}.
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3. eX = {a, b, c, d, e, f}9τ´Xþ�lÑÿÀ,KXe=��'Xª�(?

(a) X ∈ τ ; (b) {X} ∈ τ ; (c) {∅} ∈ τ ; (d) ∅ ∈ τ ;

(e) ∅ ∈ X; (f) {∅} ∈ X; (g) {a} ∈ τ ; (h) a ∈ τ ;

(i) ∅ ⊂ X; (j) {a} ∈ X; (k) {∅} ⊂ τ ; (l) a ∈ X;

(m) X ⊂ τ ; (n) {a} ⊂ τ ; (o) {X} ⊂ τ ; (p) a ⊂ τ ;

[J«: k��k6�þã'Xª�(.]

4. -(X, τ)�?Û�ÿÀ�m. y²?¿�k��τ¥¤
��áuτ .

[J«: ^êÆ8B{5y²ù�(J.]

5. -R�¤k¢ê�8Ü. ¦yXez��R�f8q´��ÿÀ.

(i) τ1dR, ∅, 9¤k/X(−n, n)�«m�¤,ùpn�?Û��ê;

(ii) τ2dR, ∅, 9¤k/X[−n, n]�«m�¤, ùpn�?Û��ê;

(iii) τ3dR, ∅, 9¤k/X[n,∞)�«m�¤,ùpn�?Û��ê.

6. -N�¤k��ê|¤�8Ü.¦yXez��N�f8q´��ÿÀ.

(i) τ1dN, ∅, 9¤k/X{1, 2, . . . , n}�8Ü�¤,ùpn�?Û��ê;

(dÿÀ¡�initial segment ÿÀ.)

(ii) τ2dN, ∅, 9¤k/X{n, n + 1, . . .}�8Ü�¤, ùpn�?Û��

ê; (dÿÀ¡�final segment ÿÀ.)

7. �Ñe�8Üþ�¤k�U�ÿÀ:

(a) X = {a, b};

(b) Y = {a, b, c}.

8. -X��Ã�8, τ�Xþ���ÿÀ. eX¥�z�Ã�f8áuτ , ¦

yτ�lÑÿÀ.

*9. -R�¤k¢ê|¤�8Ü. 3Xe10�R�f8q¥, k�=kn�f

8q´ÿÀ. éÑ§�¿`²nd.

(i) τ1dR, ∅Ú¤k/X(a, b)�«m�¤,ùpaÚb´÷va < b�¢ê.
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(ii) τ2dR, ∅Ú¤k/X(−r, r)�«m�¤, ùpr´�¢ê.

(iii) τ3dR, ∅Ú¤k/X(−r, r)�«m�¤, ùpr´�knê.

(iv) τ4dR, ∅Ú¤k/X[−r, r]�«m�¤, ùpr´�knê.

(v) τ5dR, ∅Ú¤k/X(−r, r)�«m�¤, ùpr´�Ãnê.

(vi) τ6dR, ∅Ú¤k/X[−r, r]�«m�¤, ùpr´�Ãnê.

(vii) τ7dR, ∅Ú¤k/X[−r, r)�«m�¤, ùpr´�¢ê.

(viii) τ8dR, ∅Ú¤k/X(−r, r]�«m�¤, ùpr´�¢ê.

(ix) τ9dR, ∅Ú¤k/X[−r, r]9(−r, r)�«m�¤, ùpr´�¢ê.

(x) τ10dR, ∅Ú¤k/X[−n, n]9(−r, r)�«m�¤, ùpn´��ê,

r´�¢ê.

§1.2 m8, 48, 94m8

ÐuUY^“τ�¤
”�¡¢, ·�uy�ù��8Ü��¶i´��

�B. ·�¡�“m8”. ·��ò�m8�Ö8·¶. ¦�ò�¡�“48”.

ù
â�¿Ø´én�, �´åu¢ê¶þ¤¢�“m«m”Ú“4«m”.

·�ò31�Ùéd�?�Ú`².

½Â 1.2.1. -(X, τ)�?ÛÿÀ�m. K|¤τ�¤
¡�m8.

·K 1.2.2. e(X, τ)´?Û��ÿÀ�m, K

(i) XÚ∅´m8,

(ii) ?Û�(k�½Ã�)m8�¿8´m89

(iii) ?¿k��m8��8´m8.

y²© w,(i)Ú(ii)´½Â1.2.1Ú½Â1.1.1¥(i)Ú(ii)���íØ. ^

�(iii)d½Â1.2.1ÚöS1.1¥1oK�Ñ.

3�Ö·K1.2.2��ÿ, ��¯KAT®²Ñy3\�M°: ¦+?Û

k�½Ã��m8�¿¦´m8,·�==�Ñ
k��m8��8´m8.

Ã��m8��8��½´m8í? �e5�~fL²�Y´“Ø”.
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~ 1.2.3. -N�¤k��ê|¤�8Ü, τd∅Úz��3N¥�Ö8�k�

8�8ÜS|¤. N´�yτ÷v½Â1.1.1, Ïd´Nþ���ÿÀ. (3e�

!·�ò?�Ú?Øù«ÿÀ.§�¡�k�4ÿÀ.)éz��g,ên,½

Â8ÜSnXe:

Sn = {1} ∪ {n + 1} ∪ {n + 2} ∪ {n + 3} ∪ · · · = {1} ∪
∞
⋃

m=n+1

{m}.

w,z�Sn´ÿÀτ¥�m8, duÙÖ8´k�8. ,,

∞
⋃

n=1

= {1}.

du{1}�Ö8QØ´N,�Ø´k�8, {1}Ø´m8. u´(1)L²m8Sn�

¿8Ø´m8.

\�U¬¯,�ö´Noé�X~1.2.3¥¤�Ñ�~f? �Y´y��:

ÏL�EÁ����.

~X, XJ·��Á��lÑÿÀ, @o·�¬uyz��m8��8

�´m8. Ó���¹·^uØ�©ÿÀ.¤±\���´�
h²�ßÿ.

P4, �y²m8��8Ø�½´m8,\�I�é����~!

½Â 1.2.4. -(X, τ)���ÿÀ�m. ��X�f8¡�ÿÀ�m(X, τ)¥

�48, XJÙ3X¥�Ö8, =X \ S, ´(X, τ)¥�m8.

3~1.1.2¥, 48´

∅, X, {b, c, d, e, f}, {a, b, e, f}, {b, e, f}Ú{a}.

XJ(X, τ) ´��lÑ�m, @ow,z�X�f8´48. ,, 3�

�Ø�©�m(X, τ)p, ���48´XÚ∅.

·K 1.2.5. e(X, τ)´?�ÿÀ�m, K

(i) ∅ÚX´48,

(ii) ?¿�(k�½Ã�)48��8´489

(iii) ?¿k��48�¿8´48.
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y²©duX�Ö8�∅9∅�Ö8�X, l·K1.2.2(i)Ú½Â1.2.4¥

����Ñ(i).

�
y²(iii),-S1, S2, . . . , Sn�48. ·�I�yÑS1∪S2 ∪· · ·∪Sn´

48. d½Â1.2.4, yÑX \ (S1 ∪ S2 ∪ · · · ∪ Sn)´m8Ò

.

duS1, S2, . . . , Sn´48, §��Ö8X \ S1, X \ S2, . . . , X \ Sn´m

8. 

X \ (S1 ∪ S2 ∪ · · · ∪ Sn) = (X \ S1) ∩ (X \ S2) ∩ · · · ∩ (X \ Sn). (1.1)

du(1.1)�mÃ>´k��m8��8, ��m8. u´(1.1)��Ã>

´m8. ÏdS1 ∪ §2 ∪ · · · ∪ Sn´�48. �y.

é(ii)�y²�é(iii)�y²�q. [,, \ATÖ�Öé~1.3.9�y²

¤�Ñ�´«.

´«: ¶¡“m”Ú“4”~~òÿÀ.�#<���Ø¥�. ¦+¶i

´ù���,�
m8�´48! d	, �
8ÜQØ´m8qØ´48! ¢

Sþ, XJ·��Ä~1.1.2,·�w�

(i) 8Ü{a}Qmk4;

(ii) 8Ü{b,c}QØmqØ4;

(iii) 8Ü{c,d}´m8, �Ø´48;

(iv) 8Ü{a,b,e,f}´48, �Ø´m8.

3lÑ�mp, z��8ÜQmq4, 3Ø�©�m(X, τ), ¤kX�

f8Ø
XÚ∅´QØmqØ4�.

�
J2\8Ü�±´Qmq4�,·�Ú?Xe½Â:

½Â 1.2.6. ��ÿÀ�m(X, τ)�f8S¡�4m�, XJ§3(X, τ)¥´

Qmq4�.

3?¿��ÿÀ�m(X, τ)p, XÚ∅Ñ´4m(clopen1)�.

1·�«@“clopen”´�éÎ�üc, �y3é§�¦^®²ÊH
.
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3��lÑ�mp, ¤kX¥�f8´4m�.

3��²T�mp, ���4m8´XÚ∅.

SK1.2

1. �Ñ¤k64�~1.1.2X�f8. 3z�8Ü��>�²§´Ä´(i)4m

�; (ii) QØmqØ4; (iii) m�Ø4; (iv) 4�Øm.

2. -(X, τ)���ÿÀ�m, Ùz��f8Ñ�48. ¦y(X, τ)�lÑÿ

À�m.

3. *	�XJ(X, τ)´��lÑÿÀ�m½Ø�©�m, @oz�m8´

4m8. é��8Ü{a, b, c, d}þ�QØ´lÑÿÀ�Ø´�©ÿÀ�
ÿÀ, ¦�Ùäkz�m8´4m8�5�.

4. -X�Ã�8. XJτ´Xþ�ÿÀ,¿�X�z��Ã�f8´48,¦

yτ�lÑÿÀ.

5. -X�Ã�8, τ´Xþ���ÿÀ, ¿����X�mÃ�f8�Xg

�. (X, τ)�½´²TÿÀ�mí?

6. (i) -τ�Xþ���ÿÀ,d4�8Ü|¤: τ = {X, ∅, A, B},ùpAÚB´X�

ØÓ���ýf8. [A�X���ýf8´�A ⊂ X�A 6= X,

dA ⊂ XL«.] ¦yAÚB÷v��÷v±e^�¥���:

(a) B = X \ A; (b) A ⊂ B; (c) B ⊂ A

[J«: Äky²AÚB�½÷v��Ù¥��^�, ,�y²§�

ØU÷v��±þ�^�.]

(ii) �â(i)�Ñ¤kX = {1, 2, 3, 4}þ�dfÐ4�8Ü|¤�ÿÀ.

§1.3 k�4ÿÀ

ÏL�²@
8Ü´m�5½Â,�8Üþ�ÿÀ´é²~�. ,,
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k�ÏL`²@
8Ü´485£ã��ÿÀ�g,. e>�½Â�
ù�

���~f.

½Â 1.3.1. �X´?¿���8. Xþ�ÿÀτ¡�k�4ÿÀ, XJX�

4f8´X9X�¤kk�f8; =m8�∅Ú¤käkk�Ö8�X�f

8.

2�grN�y½Â1.3.1¥�τ(¢´��ÿÀ´7��; =§÷v½

Â1.1.1�^�.

5¿½Â1.3.1¿Ø´`z��÷vX�489X�k�f8�48�ÿ

ÀÑ´k�4ÿÀ. Xþ¤k�48´ù
8Ü�ÿÀâ´k�4ÿÀ. [�

,, 3?Û8Üþ�lÑÿÀ, 8ÜXÚ¤kX�k�f8´4�, �´¤

kX�Ù§�f8�´48.]

3k�4ÿÀ¥¤kk�8´4�. ,e~L²Ã�f8ØI�´m

8.

~ 1.3.2. �N´¤k��ê|¤�8Ü,K8Ü{1}, {5, 6, 7}, {2, 4, 6, 8}´k
�8, Ïd3k�4ÿÀp´4�. Ïd§��Ö8

{2, 3, 4, 5, . . .}, {1, 2, 3, 4, 8, 9, 10, . . .}, {1, 3, 5, 7, 9, 10, 11, . . .}

´k�4ÿÀp�m8. ,��¡, dó���ê|¤�8ÜØ´48, Ï

�§Ø´k�8, u´§�Ö8, dÛ��ê|¤�8Ü3k�4ÿÀpØ

´m8.

¤±¦+¤k�k�8�48, Ø´¤k�Ã�8Ñ�m8.

~ 1.3.3. -τ�,8ÜXþ�k�4ÿÀ. XJXk��3�ØÓ�4m8,

¦yX´k�8.

y²©

·�®�τ´k�4ÿÀ, ¿���k3�ØÓ�4m8.

·��yÑX´k�8.

5¿�τ�k�48¿�X¤k48|¤�8qdXÚ¤kX�

k�f8¤�¤. q5¿���8Ü´4m�,��=�§´Q4q

m�.
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PX3?ÛÿÀ�mp,��kü�4m8,9XÚ∅ (ë�;�

½Â1.2.6�µ5.) �·�®�3ÿÀ�m(X, τ)p, �3��3�4

mf8. u´�3ØÓu∅ÚX���4m8. ¤±·�ò�c['

5ù�4m8!

du�m(X, τ)k3�ØÓ�4m8, ·����3X���4mf8S, ÷

vS 6= XÚS 6= ∅. duS´(X, τ)þ�m8, d½Â1.2.4��ÙÖ8X \ S

´48.

ÏdSÚX \ SÑ´k�4ÿÀτ¥�48. duSÚX \ SÑØ�uX,

SÚX \SÑ´k�8. qdX = S∪ (X \S), X´ü�k�8�¿. u´X´

k�8. �y.

·�y3��é?ÛÃ�8,�±½Ân«ØÓ�ÿÀ—¿��k�õ

�. ·����n�´lÑÿÀ, ²TÿÀÚk�4ÿÀ. ¤±·�7Lo

´�c[/�²3��8Üþ�ÿÀ.

~X, 8Ü{n : n ≥ 10}´g,ê8Üþk�4ÿÀ¥�m8,�§Ø´

Ø�©ÿÀ¥�m8. dÛg,ê|¤�8Ü´g,ê8ÜþlÑÿÀ¥�

m8, �Ø´k�4ÿÀ¥�m8.

·�y3ò�
\±c�V��L�½ÂP¹e5.

½Â 1.3.4. -f�8ÜX�8ÜY�N�.

(i) N�f¡����½ü�, XJéx1, x2 ∈ X, �df(x1) = f(x2)�

�x1 = x2;

(ii) N�f¡��þ�½÷�,XJé?Ûy ∈ Y,�3x ∈ X,¦�f(x) = y;

(iii) N�f¡�V�, XJ§Q´���, q´÷�.

½Â 1.3.5. -f�8ÜX�8ÜY�N�. N�f¡�k_�,XJ�3Y�X�

N�g, ¦�é¤kx ∈ Xkg(f(x)) = x, é¤k�y ∈ Ykf(g(y)) = y. N

�g¡�f�_N�.

Xe·K�y²3�Öö��öS.

·K 1.3.6. -f�8ÜX�8ÜY�N�.
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1. N�fk_N�, ��=�f´V�.

2. -g1Úg2�Y�X�N�. XJg1Úg2Ñ´f�_N�,Kg1 = g2; =é?

Ûy ∈ Y , g1(y) = g2(y).

3. -g�Y�X�N�. Kg´f�_N�, ��=�f´g�_N�.

´«: Æ)�Ï~¬�Ø/@���N�´���,XJ§“ò��:N

�¤��:”.

¤k�N�ò��:N¤��:. ¯¢þù´N�½Â��Ü©. ��

N�´òØÓ�:N�¤ØÓ:�N�.

·�y35w��\±c�Uv��L�é��Vg.

½Â 1.3.7. -f�8ÜX�8ÜY�N�. eS�?ÛY�f8,K8Üf−1(S)

d

f−1(S) = {x : x ∈ X�f(x) ∈ S}.

X�f8f−1(S)¡�S�_N�.

5¿�f : X → Y�_N��3��=�f´V�. ,?ÛY�f8

�_N��3=¦fQØ´���, �Ø´�þ�. e��~fÐ«
ù�

:.

~ 1.3.8. -f��ê8ÜZ�Ùg��¼ê: f(z) = |z|éz��z ∈ Z.

duf(1) = f(−1), ¼êfØ´���.

§�Ø´�þ�, Ï�éØ�?Ûz ∈ Z¦�f(z) = −1. ¤±f�,Ø´

V�. Ïd, d·K1.3.6(i), fvk_¼ê. ,_N��½�3. ~X,

f−1({1, 2, 3}) = {−1,−2,−3, 1, 2, 3}

f−1({−5, 3, 5, 7, 9}) = {−3,−5,−7,−9, 3, 5, 7, 9}.

·�±��k��~f5(åù�!.

~ 1.3.9. -(Y, τ)�ÿÀ�m, X���8. q-f�X�Y�N�. Pτ1 =

{f−1(S) : S ∈ τ}. ¦yτ1´Xþ���ÿÀ.

y²©



§1.3 k�4ÿÀ 25

·��?Ö´y²8qτ1´Xþ���ÿÀ;=·�7LyÑτ1÷

v½Â1.1.1¥�^�(i), (ii)Ú(iii).

X ∈ τ1 du X = f−1(Y ) 9 Y ∈ τ.

∅ ∈ τ1 du ∅ = f−1(∅) 9 ∅ ∈ τ.

Ïdτ1äk½Â1.1.1�5�(i).

�
�y½Â1.1.1�5�(ii), Pdτ1��I8J�A��
8Ü|¤�

q{Aj : j ∈ J}. ·�LyÑ
⋃

j∈J Aj ∈ τ1. duAj ∈ τ1, τ1�½ÂL²Aj =

f−1(Bj), ùpBj ∈ τ . �k
⋃

j∈J Aj =
⋃

j∈J f−1(Bj) = f−1(
⋃

j∈J Bj). [ë

�öS1.3#1.]

éu¤k�j ∈ J , Bj ∈ τ, duτ´Yþ�ÿÀ, ¤á
⋃

j∈J Bj ∈ τ. Ïd,

dτ1�½Â, f−1(
⋃

j∈J Bj) ∈ τ1; =
⋃

j∈J Aj ∈ τ1.

u´τ1äk½Â1.1.1�5�(ii).

[´«. 3ùpJ2\Ø´¤k�8Ü´�ê�. (ë�N¹¥'u�ê

8�µ5.) ¤±3þãí�¥, 5�A1, A2, . . . , An, . . .áuτ1, ¿y²§�

�¿A1 ∪A2 ∪ . . .∪An ∪ . . . áuτ1´Ø
�. ù�´y²
�ê�τ1¤
�

¿áuτ1, �¿vkyÑτ1äk½Â1.1.1�5�(ii)—ù�5��¦¤k�d

,
τ1¥8Ü���¿, ÃØ´d�ê½Ø�ê�8Ü���¿,áuτ1. ]

��, �A1ÚA2áuτ1. LyÑA1 ∩ A2 ∈ τ1.

duA1, A2 ∈ τ1, A1 = f−1(B1)ÚA2 = f−1(B2), ùpB1, B2 ∈ τ.

A1 ∩ A2 = f−1(B1) ∩ f−1(B2) = f−1(B1 ∩ B2). [ë�öS1.3#1.]

duB1 ∩B2 ∈ τ , ·�kf−1(B1 ∩B2) ∈ τ1. Ïd, A1 ∩A2 ∈ τ1, ·�®²y

Ñ
τ1äk½Â1.1.1�5�(iii).

u´τ1´Xþ���ÿÀ.

SK1.3

1. -f�X�Y�N�. ·�3~1.3.9�Ñ

f−1(
⋃

j∈J

Bj) =
⋃

j∈J

f−1(Bj) (1.2)
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Ú

f−1(B1 ∩ B2) = f−1(B1) ∩ f−1(B2), (1.3)

ùpBj´Y¥�?¿f8, J´?¿��I8.

(a) y²(1.2)¤á.

[J«: ÏL-x��Ã>8Üp�?Û����5m©\�y²,k

yÑxáumÃ>8Ü. ,�y²�L5�¤á.]

(b) y²(1.3)¤á.

(c) éÑ(äN�)8ÜA1, A2, X,ÚY , ±9N�f : X → Y¦�f(A1 ∩
A2) 6= f(A1) ∩ f(A2), ùpA1 ∈ X, A2 ∈ X.

2. 3öS1.1#6(ii)¥�Ñ�ÿÀ´k�4ÿÀí? (�Ñnd)

3. ÿÀ�m(X, τ)¡���T1-�m, XJz��ü:8{x}´(X, τ)¥�4

8. `²3±e9�ÿÀ�mp,Tkü��T1-�m. (�Ñnd.)

(i) lÑ�m;

(ii) k��ü�:�²T�m;

(iii) äkk�4ÿÀ�Ã�8;

(iv) ~1.1.2;

(v) öS1.1#5(i);

(vi) öS1.1#5(ii);

(vii) öS1.1#5(iii);

(viii) öS1.1#6(i);

(ix) öS1.1#6(ii).

4. -τ�8ÜXþ�k�4ÿÀ.XJτ�´lÑÿÀ, ¦yX�k�8.

5. ÿÀ�m(X, τ)¡�T0-�m, XJéX¥z�éØÓ�:a, b, �3��

�¹a�Ø�¹b�m8, ½ö�3���¹b�Ø�¹a�m8.

(a) ¦yz�T1-�m´T0-�m.
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(b) þãSK3ÿÀ�m(i)—(vi)¥=
´T0-�m? (�Ñnd.)

(c) 38ÜX = {0, 1}þ�Ñ��ÿÀτ , ¦�(X, τ)´T0-�mØ´T1-

�m. [\���ÿÀ�m¡�Sierpinski�m.]

(d) ¦y3öS1.1#6¥¤£ã�ÿÀ´��T0-�m. (5¿�lþãS

K3��ù
ÿÀ�mÑØ´T1�m.)

6. -X�?¿Ã�8. �ê4ÿÀ ½Â�48�X9X�¤k�êf8�

ÿÀ�m. ¦y§(¢´Xþ���ÿÀ.

7. -τ1Úτ2�Xþ�ü�ÿÀ. y²Xez��Øä.

(i) XJτ3dτ3 = τ1 ∪ τ2�Ñ, @oτ3Ø�½´Xþ�ÿÀ. (ÏL�Ñ

äN~f5`².)

(ii) XJτ4dτ4 = τ1 ∩ τ2�Ñ, @oτ3´Xþ�ÿÀ. (ÿÀτ4¡�ÿ

Àτ1Úτ2� �.)

(iii) XJ(X, τ1)Ú(X, τ2)´T1�m, @oτ4�´T1�m.

(iv) XJ(X, τ1)Ú(X, τ2)´T0�m, @oτ4Ø�½´T0�m. (ÏL�Ñ

äN~f5y².)

(v) XJτ1, τ2, . . . , τn´8ÜXþ�ÿÀ,@o8Ü
n
⋂

i=1

τi�´Xþ�ÿÀ.

(vi) XJé?Ûi ∈ I, ùpI�,��I8, τi´Xþ�ÿÀ, @o8

Ü
⋂

i∈I

τi�´Xþ�ÿÀ.

§1.4 �P

�Ù·�0�
ÿÀ�m�Ä�Vg. ·�w�
éõk��

m2�~f,±9lÑÿÀ�m,²TÿÀ�m,k�4ÿÀ�m. é

uA^ó, þãÿÀ�mÑØ´AO��~f. ,, 34.3!

SK8¥,·�J�
z��Ã�ÿÀ�m“�¹”��äk±e5«

ÿÀ���Ã�ÿÀ�m: ²TÿÀ,lÑÿÀ,k�4ÿÀ, 1.1!

2 k�ÿÀ�m ´�8ÜX ´k��ÿÀ�m(X, τ).



28 1�Ù ÿÀ�m

SK6¥�initial segment ÿÀ½final segment ÿÀ.e�Ù·�ò

�£ã�~��îAp�ÿÀ.

3ÆSL§¥·�-�
¶c“m8”Ú“48”,¿�·��´

w: ù
¶i�U¬�<Ø�. 8Ü�±´Qmq4�, QØmq

Ø4�, m�Ø4�, ½4�Øm�. P4·�ØUÏLy²��

8ÜØ´4�5y²��8Ü´m�´é��.

Ø
ÿÀ, ÿÀ�m, m8, Ú48, ·�¤!�����Ì

K´'uXÛ�y².

3�Ùm©�µ5p, ·��Ñ
ÆS�y²��5. 3

~1.1.8, ·K1.1.9, Ú~1.3.3¥·�®²w�No�“�g”��y

². uÐ\gC��y²�E|´Ä��. �±^5öS�y²�

Ð�SK�)1.1!SK8, 1.2!SK2, 4, 91.3!SK1, 4.

�
Æ)�ÿÀ�Vgt
æ
,Ï�§�¹X“8Ü�8Ü”.

�öS1.1#3�±u�\éÿÀVg�n).

öSK�¹
8�ò��ªÚ\�T0-�mÚT1-�m�Vg.

ù
Vg�¡�©l5�.

��·�rN
_N���5. ù�3
~1.3.9Ú1.3!S

K1¥. ·��ëYN��½Â´�6u_N��Vg�.
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�ó

3�Ü>K½�`p, �!Ï~��7�êA��Úü?. 3·�¤ù

�ÿÀ��¯¥,¢ê8þ�îAp�ÿÀ´ù�����Ú.¯¢þ,§´

��Xdk´LSN�~f,±�u·��²~�
��éuÚ?�Ú�u

�£�§ùp.

-R�¤k¢ê|¤�8Ü. 31�Ùp·�½Ân��±��3?Û

8Üþ�ÿÀ:lÑÿÀ,²TÿÀÚk�4ÿÀ.u´·���
n��±

�38ÜRþ�ÿÀ. 8�RþÙ§�ÿÀ3öS1.1 15 KÚ19K¥½Â.

3�Ù·�£ã����õ¿k��õ�Rþ�ÿÀ,·�¡��îAp

�ÿÀ.

éîAp�ÿÀ�©Û�·��“ÿÀ�Ä”�Vg. 3�5�ê�ÆS

¥, ·���z��þ�mk��Ä,¿�z��þ´Ä¥¤
��5|Ü.

�q/, 3��ÿÀ�mp, z�m8U�L«�Ä�¤
�¿. ¯¢þ, �

�8Ü´m�, ��=�§�Ä¥¤
�¿.

§2.1 Rþ�îAp�ÿÀ

½Â 2.1.1. R¥�f8S¡�3Rþ�îAp�ÿÀ�m8,XJ§÷vX

e5�:

(*) é?Ûx ∈ S, �3R¥�a, b, ÷va < b, ¦�x ∈ (a, b) ⊆ S.

5¿. �·�J�ÿÀ�mR,vk²(J�Ùþ�ÿÀ�,þ�äk

îAp�ÿÀ�R.

5 2.1.2. (i) “îAp�ÿÀ” τ ´ÿÀ.

y²©

·�I�yÑτ÷v½Â1.1.1¥(i), (ii)Ú(iii).

·��®���8Üáuτ��=�§÷v5�(*).

29
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Äk, ·�y²R ∈ τ . �x ∈ τ . XJ·�-a = x − 1Úb = x + 1, @

ox ∈ (a, b) ⊆ R;=Räk5�(*),u´R ∈ τ . Ùg,%@�,∅äk5�(*),

u´∅ ∈ τ .

y3-Aj : j ∈ J , é,��I8J , ´τ¥¤
|¤�8q. @o·�L

�y²
⋃

j∈J Aj ∈ τ ; =, ·�LyÑ
⋃

j∈J Ajäk5�∗. �x ∈
⋃

j∈J Aj. @

oé,�k ∈ J , ¤áx ∈ Ak. duAk ∈ τ , u´�3R¥�aÚb,÷va < b,

¦�x ∈ (a, b) ⊆ Ak. duk ∈ J , Ak ⊆
⋃

j∈J Aj , �x ∈ (a, b) ⊆
⋃

j∈J Aj . Ï

d
⋃

j∈J Ajäk5�(*), u´áuτ .

��, �A1ÚA2áuτ . ·�I�y²A1 ∩ A2 ∈ τ . -y ∈ A1 ∩ A2.

u´y ∈ A1. dA1 ∈ τ , �3R¥�aÚb, ÷va < b, ¦�y ∈ (a, b) ⊆ A1.

Ó�y ∈ A2 ∈ τ. u´�3R¥�cÚd, ÷vc < d, ¦�y ∈ (c, d) ⊆ A2.

-e�aÚc¥�����, f�bÚd¥�����. ´�e < y < f , u´y ∈
(e, f). du(e, f) ⊆ (a, b) ⊆ A1 �(e, f) ⊆ (c, d) ⊆ A2, ·���y ∈ (e, f) ⊆
A1 ∩ A2. ÏdA1 ∩ A2äk5�*, �áuτ .

Ïdτ�(´Rþ���ÿÀ.

·�y3UY�x3îAp�ÿÀ¿ÂeRþ�m8Ú48. AO�,

·�ò¬w�¤k�m«m¯¢þ´dÿÀþ�m8,¤k�4«m´dÿ

Àþ�48.

(ii) -r, s ∈ R, ÷vr < s. m«m(r, s)�(áuRþ�îAp�ÿÀτ ,

Ïd´m8.

y²©

·�IyÑ�½�m«m(r, s)´3îAp�ÿÀ¥´m8; =,

·�LyÑ(r, s)äk½Â2.1.1¥5�(∗).
¤±·�òl�x ∈ (r, s)m©. ·��3R¥é�aÚb, a < b, ¦

�x ∈ (a, b) ⊆ (r, s).

-x ∈ (r, s). Àa = r9b = s. @ow,,

x ∈ (a, b) ⊆ (r, s).

Ïd(r, s)´îAp�ÿÀþ�m8.
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(iii) é?Û¢êr, m«m(r,∞)Ú(−∞, r)´R¥�m8.

y²©

Äk, ·�5y²(r,∞)´m8;=§äk5�(*).

�y²ù�:, ·�-x ∈ (r,∞), 5éa, b ∈ R ¦�

x ∈ (a, b) ⊆ (r,∞).

�x ∈ (r,∞). -a = r9b = x + 1. @ox ∈ (a, b) ⊆ (r,∞), u´(r,∞) ∈ τ.

aq�, ·��±yÑ(−∞, r)´R¥�m8.

(iv) 5¿�¦+z�m«mÑ´m8, ���´Ø¤á�, ù�:é

�. Ø´¤kR¥�m8´«m. ~X, 8Ü(1, 3)∪ (5, 6)´R¥�m8, �§

Ø´��m«m. $�8Ü
⋃∞

n=1(2n, 2n + 1)´R¥�m8.

(v) éR¥�?Û÷vc < d�cÚd, 4«m[c, d]Ø´R¥�m8.

y²©

·�I�yÑ[c, d]Øäk5�(∗).
�
��ù�:,é���x,¦�vk���A�÷v^�(∗)�a, b.

²wcÚd´«m[c, d]péAÏ�:. ¤±·�òÀx = c¿�Ø

�3÷v¤�¦^��a, b.

·�òA^�«��y{�y²�{. ·�b� �3÷v^�

�aÚb, ,�`²db�����gñ,�Ø�ÀÜ. u´b��Ø!

Ïdù��aÚbØ�3. u´, [c, d]Ø÷v5�(∗),�Ø´m8.

5¿�c ∈ [c, d]. b��3R¥�÷va < b�aÚb, ¦�c ∈ (a, b) ⊆
[c, d]. u´dc ∈ (a, b)�a < c < b, a < c+a

2
< c < b. � c+a

2
∈ (a, b)� c+a

2
6∈

[c, d]. u´(a, b) 6⊆ [c, d], ù´�gñ. ¤±Ø�3aÚb¦�c ∈ (a, b) ⊆ [c, d].

Ïd[c, d]Ø÷v5�(*),u´[c, d] 6∈ τ .

(vi) éR¥÷va < b�?¿aÚb, 4«m[a, b]´îAp�ÿÀ�mR¥

�48.

y²©�
yÑ[a, b]´48, ·��L*	�ÙÖ8(−∞, a) ∪ (b,∞),

´ü�m8�¿, ´m8.
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(vii) z�ü:8{a} ´R ¥�48.

y²© {a}�Ö8´ü�m8(−∞, a)Ú(a,∞)�¿,u´�m8. Ïd,

{a}´R¥�48.

[^öS1.313K�â�5ù,d(Ø´`R´��T1-�m.]

(viii) 5¿�·��±ÏL^“a ≤ b”5��“a¡b”, ò(vii)�)3(vi)¥.

ü:8{a}�ØL´4«m[a, b]�òz�/.

(ix) ¤k�ê�8ÜZ´R¥�4f8.

y²©Z�Ö8´Rþmf8(n, n+1)�¿
⋃∞

n=−∞(n, n+1),¤±´Rþ

�m8. ÏdZ´Rþ�48.

(x)¤kknê|¤�8ÜQQØ´Rþ�4f8,�Ø´Rþ�mf8.

y²©

·�òÏLy²QØ÷v5�(*)5�ÑQØ´m8.

�
��ù�:, yÑQØ�¹?Û÷va < b�«m(a, b)=�.

b� (a, b) ∈ Q, ùpaÚbáuR, �a < b. 3?Ûü�ØÓ�¢ê�m, Ñ

k��Ãnê. (\Uy²ù�:í?) Ïd, �3c ∈ (a, b) ¦�c 6∈ Q. ù

�(a, b) ⊆ Qgñ. ÏdQØ�¹?Û«m(a, b),u´Ø´��m8.

�
y²QØ´48,�IyÑR \QØ´m8. |^3?Ûü�ØÓ�

¢ê�m�½k��knê�¯¢,·���R \ Q Ø�¹?Û÷va < b�

«m(a < b). ÏdR \ Q3R¥Ø´m�, �Q3R¥Ø´48.

(xi) 31nÙ·�ò�y²R¥=k�4m8´²��,=RÚ∅.

SK2.1

1. y²éua < b, a, b ∈ R, [a, b)Ú(a, b]ÑØ´R¥�mf8. 2y²§�

�ÑØ´R¥�4f8.

2. y²8Ü[a,∞)Ú(−∞, a]´R¥�4f8.

3. Þ~`²R¥Ã��4f8�¿Ø�½´R¥�4f8.

4. y²Xez�(Ø.
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(i) ¤k�ê|¤�8ÜZØ´R¥�m8.

(ii) ¤k�ê|¤�8ÜS´R¥�4f8,�Ø´R¥�mf8.

(iii) ¤kÃnê|¤�8ÜPQØ´R¥�4f8,�Ø´R¥�mf8.

5. XJF´R¥����k�f8, y²F´R¥�48, �FØ´R¥�m

8.

6. XJF´R¥����êf8,y²FØ´�m8.

7. (i) -S = {0, 1, 1/2, 1/3, 1/4, 1/5, . . . , 1/n, . . .}.y²S´îAp�ÿÀ

�mR¥�48.

(ii) 8ÜT = {1, 1/2, 1/3, 1/4, 1/5, . . . , 1/n, . . .}´R¥�48í?

(iii) 8Ü{
√

2, 2
√

2, 3
√

2, . . . , n
√

2, . . .}´R¥�48í?

8. (i) �(X, τ)�ÿÀ�m. X�f8S¡���Fσ-8,XJ§´�ê�4

8�¿. y²¤k�m«m(a, b)Ú¤k�4«m[a, b]´R¥�Fσ-

8.

(ii) �(X, τ)�ÿÀ�m. X�f8T¡���Gδ-8, XJ§´�ê�

m8��. y²¤k�m«m(a, b)Ú¤k�4«m[a, b]´R¥�Gδ-

8.

(iii) y²knê8ÜQ´R¥�Fσ-8. (36.5!SK3·�òy²QØ´R¥

�Gδ-8.)

(iv) �yFσ-8�Ö8´Gδ-8, �Gδ-8�Ö8´Fσ-8.

§2.2 ÿÀ�m�Ä

52.1.2 ¦�·��±±�«�\�B��ª5�xRþ�îAp�ÿ

À. �
ù�:, ·�ÚÑÿÀ�m�Ä�Vg.

·K 2.2.1. R¥�f8S´m�, ��=�§´m«m�¿.

y²©
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·�LyÑS´m�, ��=�§´m«m�¿; Q, ·�LyÑ

(i) XJS´m«m�¿, @o§´m8, �

(ii) XJS´m8, @o§´m«m�¿.

�S´m«m�¿; =�3m«m(aj, bj), ùpjáu,��I8J, ¦�S =
⋃

j∈J(aj , bj). d52.1.2 (ii),z�m«m(aj, bj)´m8. ÏdS´m8�¿,u

´S´m8.

�L5, �S´R¥�m8. @oéz�x ∈ S, �3«mIx = (a, b)¦

�x ∈ Ix ⊆ S. ·�äóS =
⋃

x∈S Ix.

·�LyÑü�8ÜSÚS =
⋃

x∈S Ix´���.

§���yÑ´���,ÏLy²

(i) XJy ∈ S, @oy ∈ ⋃x∈S Ix, �

(ii) XJz ∈ ⋃x∈S Ix, @oz ∈ S.

[5¿(i)�duØäS ⊆
⋃

x∈S Ix, (ii)�du
⋃

x∈S Ix ⊆ S.]

Äk�y ∈ S. Ky ∈ Iy. u´y ∈ ⋃x∈S Ix, X¤�¦�. Ùg, �z ∈
⋃

x∈S Ix. @oz ∈ It, é,�t ∈ S. duz�Ix ⊆ S, ·���It ⊆ S,

�z ∈ S. Ïd, S =
⋃

x∈S Ix, =S´m«m�¿,X¤�¦�.

þã·Kw�·��
�xRþ�ÿÀ,��¤k�«m(a, b)´m8Òv



. z��Ù§�m8´ù
m8�¿. ùò·���Xe�½Â.

½Â 2.2.2. �(X, τ)�ÿÀ�m. X¥m8�8ÜB¡�ÿÀτ���Ä,X

Jz�m8´B¥¤
�¿.

XJB´XþÿÀτ�Ä,@oX¥f8Uáuτ��=�§´B¥¤
�
¿. ¤±B3Xe¿Âe“)¤”ÿÀτ : XJ·���
B�¤
´�o��
8Ü,@o·�Uû½τ¥�¤
–§��´¤kdB¥¤
�¿���8Ü.

~ 2.2.3. -B = {(a, b) : a, b ∈ R, a < b}. @od·K??, B´RþîAp�

ÿÀ���Ä.
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~ 2.2.4. -(X, τ)�lÑ�m, B´dX¥¤kü:f8|¤�8q;=B =

{{x} : x ∈ X}. Kd·K1.1.9, B´τ���Ä.

~ 2.2.5. -X = {a, b, c, d, e, f}�

τ1 = {X, ∅, {a}, {c, d}, {a, c, d}, {b, c, d, e, f}}.

KB = {{a}, {c, d}, {b, c, d, e, f}}´τ1���Ä,ù´ÏdB ⊆ τ∞,�z�τ1¥

�¤
�±L«¤B¥¤
�¿. (*	�∅´B¥¤
���¿.)

5¿τ1g��´τ1���Ä.

5 2.2.6. *	�XJ(X, τ)´ÿÀ�m, KB = τ´ÿÀτ���Ä. �,

~X, X¥¤kf8|¤�8Ü´XþlÑÿÀ���Ä.

Ïd,·�w�éÓ��ÿÀ,�U¬kõ�ØÓ�Ä.¯¢þ,XJB´Xþ

ÿÀ�mτ���Ä, B1´X�f8|¤�8Ü, ¿÷vB ⊆ B1 ⊆ τ, @

oB1�´τ���Ä. [�yù�:.]

Xþ¡�Ñ�, “ÿÀ�8”�Vg¦�·��±½ÂÿÀ. ,e¡�

~fL²·�AT�~�%.

~ 2.2.7. -X = {a, b, c}9B = {{a}, {c}, {a, b}, {b, c}}. @oé?ÛXþ�

ÿÀ5`, BÑØ´��Ä. �
wÑù�:, b� B´,�ÿÀτ�Ä. @

oτd¤k�B¥¤
|¤�¿¤�¤; =

τ = {X, ∅, {a}, {c}, {a, c}, {a, b}, {b, c}}.

(·�q�g^�
∅´B¥¤
���¿, �∅ ∈ τ�¯¢.)

,, τØ´��ÿÀ, Ï�8Ü{b} = {a, b} ∩ {b, c}Øáuτ , u´τØ

÷v½Â1.1.1¥�5�(iii). ù´�gñ, ¤±·��b�´�Ø�. Ïd

é?ÛXþ�ÿÀ5`, BÑØ´��Ä.

Ïd·��¯: XJB´X¥f8�8Ü,3�o^�eB´,�ÿÀ�
Ä? ù�¯K�·K2.2.8¤£�.

·K 2.2.8. -X����8Ü, B�X¥f8|¤�8Ü. @oB´Xþ,ÿ

À�Ä, ��=�BkXe5�:
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(a) X =
⋃

B∈B B, Ú

(b) é?ÛB1, B2 ∈ B, 8ÜB1 ∩ B2´B¥¤
�¿.

y²©XJB´ÿÀτ�Ä,@oτ�½÷v½Â1.1.1�(i), (ii)Ú(iii). A

O�, X�½´m8, ?Ûü�m8���½´m8. dum8TT´B¥¤

�¿, þãa)Úb)¤á.

�L5, b�B÷v5�a)Úb), τ´d¤k�B¥¤
�¿|¤�8Ü
q. ·�ò�y²τ´��Xþ�ÿÀ. (XJù��{, w,B´dÿÀ��
�Ä, u´·K�(.)

�â(a), X =
⋃

B∈B B, �X ∈ τ . 5¿�∅´B¥¤
��¿, ¤±∅ ∈
τ . u´·�yÑ
τ÷v½Â1.1.1�5�(i).

-{Tj}´dτ¥�
¤
|¤�8q. @oz�Tj´B¥¤
�¿. K¤

kTj�¿�´B¥¤
�¿, �áuτ . u´τ�÷v½Â1.1.1�^�(ii).

��,-CÚDáuτ . ·�I��yC∩D ∈ τ . �´C =
⋃

k∈K Bk,é,

��I8K,�8ÜBk ∈ B. Ó�, D =
⋃

j∈J Bj , é,��I8J ,�Bj ∈ B.

Ïd

C ∩ D =

(

⋃

k∈K

Bk

)

⋂

(

⋃

j∈J

Bj

)

=
⋃

k∈K,j∈J

(Bk ∩ Bj).

\AT�yþª¥éC ∩ D�ü«Lã¯¢þ´���!

3k��I8��¹e,dª¿�XaquXeªf�(Ø:

(B1∪B2)∩ (B3 ∪B4) = (B1∩B3)∪ (B1 ∩B4)∪ (B2∩B3)∪ (B2∩B4).

d·��b�^�(b),z�Bk ∩Bj´B¥¤
�¿,u´C ∩D´B¥¤
�
¿. �C ∩ D ∈ τ . u´τäk½Â1.1.1�5�(iii). Ïd, τ(¢´��ÿÀ,

B´dÿÀ���Ä, X¤�¦�@�.

·K2.2.8´�~k^�(Ø.§¦�·��±ÏL=�e��Ä5½Â

ÿÀ. ùÏ~'ÁX£ã¤k�m8�N´.

·�ò�A^ù�·K5½Â��¢ê²¡þ�ÿÀ.dÿÀ�¡�“î

Ap�ÿÀ”.

~ 2.2.9. �B´¤k²¡þ�“mÝ/”|¤�8Ü: {〈x, y〉 : 〈x, y〉 ∈ R2, a <

x < b, c < y < d}, ù
Ý/�z^>�X-½Y -¶²1.
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KB´��²¡þÿÀ�Ä. dÿÀ¡�îAp�ÿÀ.

z�·�^ÎÒR2�, �²¡, �·���ÿÀ�mJ�R2�, �v

k²(�ÑÿÀ´�o,·��äkîAp�ÿÀ�²¡.

�
²xB(¢´,�ÿÀ�Ä,5¿(i) ²¡´¤kmÝ/�¿,�(ii)

?Ûü�Ý/���´Ý/. [·�¤`�“Ý/”´�>²1u�I¶�Ý

/.] ¤±÷v·K2.2.8�^�,�B´,ÿÀ�Ä.

5 2.2.10. ÏLí2~2.2.9·���XÛ3

Rn = {〈x1, x2, . . . , xn〉 : xi ∈ R, i = 1, . . . , n},éz��u2��ê.

-B�¤kR¥f8{〈x1, x2, . . . , xn〉 ∈ Rn : ai < xi < bi, i = 1, 2, . . . , n} �
8Ü, w,>²1u�I¶. d8ÜB´Rnþ îAp�ÿÀ�Ä.

SK2.2

1. 3�SK¥, \òy²��{〈x, y〉 : x2 + y2 < 1} ´R2¥�m8, ,�z

�²¡þ�m��´m8.

(i) �〈a, b〉 ���D = {〈x, y〉 : x2 + y2 < 1}¥�?�:. -r =
√

a2 + b2.�R〈a,b〉�º:3:〈a±1−r
8

, b±1−r
8
�mÝ/. �yR〈a,b〉 ⊂

D.

(ii) ^(i)�(Øy²

D =
⋃

〈a,b〉∈D

R〈a,b〉.
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(iii) d(ii)í�ÑD´R2¥�m8.

(iv) y²z�m��{〈x, y〉 : (x−a)2 +(y− b)2 < c2, a, b, c ∈ R}´R2¥

�m8.

2. 3�SKp,\ò�y²R2¥¤km���8Ü´R2¥,�ÿÀ���

Ä. [±�·�ò¬w�dÿÀ�îAp�ÿÀ.]

(i) �D1ÚD2´R2¥?¿ü�÷vD1∩D2 6= ∅�m��. XJ〈a, b〉´
?¿D1 ∩D2¥�:, y²�3¥%3〈a, b〉¿¦�D〈a,b〉 ⊂ D1 ∩D2.

[J«: xã, ¿^aquSK1 (i)��{]

(ii) y²

D1 ∩ D2 =
⋃

〈a,b〉∈D1∩D2

D〈a,b〉.

(iii) ^(ii)Ú·K2.2.8y²R2¥¤km���8Ü´R2þ,�ÿÀ�Ä.

3. �B´Bþ¤kda < b�aÚb´knê|¤�m«m(a, b)�8Ü.¦yB´Rþ

îAp�ÿÀ���Ä. ['�d(Ø�·K2.2.19~2.2.3, @paÚbØ

�½´knê.]

[J«: Ø�^·K2.2.8,Ï�d·K�´`²B´,�ÿÀ�Ä,Ø

�½´îAp�ÿÀ�Ä.]

4. ÿÀ�m(X, τ)¡�÷v1��ê5ún�, XJ�3τ���=d�ê

�8Ü|¤�Ä.

(i) dþ>�SK35y²R÷v1��êún.

(ii) y²��Ø�ê8þ�lÑÿÀØ÷v1��êún.

[J«: �´yÑ,�ÄØ�ê´Ø
�. \7Ly²dÿÀ

�z�Ä´Ø�ê�.]

(iii) y²éz���ên, Rn÷v1��êún.

(iv) �(X, τ)�äkk�4ÿÀ�¤k�ê|¤�8Ü.ÿÀ�m(X, τ)÷

v1��êúní?
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5. y²Xe(Ø.

(a) �mÚc�¢ê, ùpm 6= 0. @o��L = {〈x, y〉 : y = mx +

c}´R2þ�4f8.

(b) �S1�S1 = {〈x, y〉 ∈ R2 : x2 + y2 = 1}�Ñ�ü �. KS1�R2¥

�4f8.

(c) �Sn�Sn = {〈x1, x2, . . . , xn, xn+1〉 ∈ Rn+1 : x2
1 + x2

2 + . . . + x2
n+1 =

1}�Ñ�ü n-¥¡. KSn�Rn+1¥�4f8.

(d) �Bn�Bn = {〈x1, x2, . . . , xn〉 ∈ Rn : x2
1 + x2

2 + . . . + x2
n ≤ 1}�Ñ�

4ü n-¥. KBn�Rn¥�4f8.

(e) �C = {〈x, y〉 ∈ R2 : xy = 1}´R2¥�4f8.

6. �B1�XþÿÀτ1���Ä, B2�YþÿÀτ2���Ä. 8ÜX × Yd¤

kx ∈ X, y ∈ Y�kSé〈x, y〉|¤�8Ü. �B´d¤kB1 × B2, B1 ∈
B1, B2 ∈ B2|¤�8Ü. ¦yB´X × Yþ,�ÿÀ���Ä. Xd½Â

�ÿÀ¡�X × Yþ� ¦ÈÿÀ.

[J«: ë�~2.2.9.]

7. ^þ¡SK3Ú2.1!SK8,y²Rþ�z�mf8´Fσ-89Gδ-8.

§2.3 �½ÿÀ�Ä

·K2.2.8w�·�3�o^�ed8ÜX��
f8|¤�8ÜB´Xþ,�ÿ

À�Ä. ,k�é���½�Xþ�ÿÀτ , ·����´ÄB´ù�(½
�ÿÀ���Ä. �
�yB´τ���Ä, ·��±A^½Â2.2.2, `²z

�τ�¤
´B¥¤
�¿. ,, ·K2.3.2�·�Jø
,���{.

�Äk·��Ñ��~f5`²X¥�
f8|¤�8ÜB´,�ÿÀ
���Ä�B´���½ÿÀ���Ä´ØÓ�.

~ 2.3.1. �B´¤k/X(a, b], a < b��m«m|¤�8Ü, ùp(a, b] =

{x : x ∈ R, a < x ≤ b}. KB´,�RþÿÀ���Ä,duR´¤kB¥¤

�¿, �?Ûü��m«m��´�m«m.



40 1�Ù îAp�ÿÀ

,, ±B��Ä�ÿÀτ1, Ø´Rþ�îAp�ÿÀ. ·�ÏL*	

�(a, b]´äkÿÀτ1�R¥�m8, (a, b]Ø´äkîAp�ÿÀ�R¥�

m8(ë�2.1!SK1),�±²xù�:. ¤±B´,�ÿÀ�Ä,�Ø´Rþ

îAp�ÿÀ�Ä.

·K 2.3.2. �(X, τ)´��ÿÀ�m. X¥�
mf8|¤�8qB´τ�

��Ä, ��=�éu?Ûm8U¥?Û:x, �3B ∈ B¦�x ∈ B ⊆ U.

y²©

·�I�yÑ

(i) XJB´τ���Ä�x ∈ U ∈ τ , @o�3B ∈ B¦�x ∈ B ⊆
U, 9

(ii) XJéz�U ∈ τ9x ∈ U , �3B ∈ B¦�x ∈ B ⊆ U , @

oB´τ���Ä.

�B´τ���Ä�x ∈ U ∈ τ . duB´τ���Ä, m8U´B¥¤
�¿;

=U =
⋃

j∈J Bj, ùpé,��I8J�z�j, ÑkBj ∈ B. dx ∈ U�é,

�j ∈ J , x ∈ Bj . Ïdx ∈ Bj ⊆ U , X¤�¦�.

�L5, �éz�U ∈ τÚz�x ∈ U , �3÷vx ∈ B ⊆ U�B ∈ B. ·

�LyÑz�m8Ñ´B¥¤
�¿. �-V�?¿m8. Kéz�x ∈ V,

�3Bx ∈ B, ¦�x ∈ Bx ⊂ V. ²w�, V =
⋃

x∈V Bx. (�yù�:!) Ï

dV´B¥¤
�¿.

·K 2.3.3. �B´8ÜXþÿÀτ���Ä.KX�f8U´m8��=�é

z�x ∈ U , �3B ∈ B¦�x ∈ B ⊆ U.

y²©-U�X¥?�f8. �éz�x ∈ U , �3Bx ∈ B¦�x ∈ Bx ⊆
U . w,U =

⋃

x∈U Bx. �U�m8�¿, ´m8, X¤�¦�@�. �L5�

(Ø�d·K2.3.2�Ñ.

5¿�d·K2.3.3�x�Ä�5��´·�3½ÂRþ�îAp�ÿÀ

�¤^�. ·���`R¥f8U´m�, ��=�é?Ûx ∈ U , �3÷

va < b�aÚb, ¦�x ∈ (a, b) ⊆ U.
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´w: (@\n)·K2.2.8Ú·K2.3.2�ØÓ. ·K2.2.8�Ñ
X¥�
f

8|¤�8qB´Xþ,�ÿÀ���Ä�^�.,,·K2.3.2�Ñ
dÿ

À�m(X, τ)¥��
f8|¤�8qB´�½ÿÀτ���Ä�^�.

·�w���ÿÀ�±kõ�ØÓ�Ä.e�·Kw�·��o�ÿ3

Ó�8ÜXþ�ü�ÄB1ÚB2½Â�Ó�ÿÀ.

·K 2.3.4. �B1ÚB2©O´��8XþÿÀτ1Úτ2�Ä. Kτ1 = τ2 ��=

�

(i) éz�B ∈ B19z�x ∈ B, �3B′ ∈ B2, ¦�x ∈ B′ ⊆ B, �

(ii) éz�B ∈ B29z�x ∈ B, �3B′ ∈ B1, ¦�x ∈ B′ ⊆ B.

y²©

·�LyÑB1ÚB2´Ó�ÿÀ�Ä��=�(i)Ú(ii)¤á.

Äk·�b�§�´Ó�ÿÀ�Ä,=τ1 = τ2,5y^�(i)Ú(ii)¤

á.

,�·�b�(i)Ú(ii),5yτ1 = τ2.

Äkb�τ1 = τ2. K(i)Ú(ii)´d·K2.3.2���Ñ�(Ø.

�L5, b�B1ÚB2÷v^�(i)Ú(ii). d·K2.3.2, (i)¿�Xz�B ∈
B1´(X, τ2)¥�m8; =B1 ⊆ τ2. duz�τ1�¤
´τ2¥�
¤
�¿,·

�kτ1 ⊆ τ2. �q�, d(ii)�íÑτ2 ⊆ τ1. Ïd, τ1 = τ2, X¤�¦�.

~ 2.3.5. y²d¤k�.>²1uX¶�“m�>n�/”´R2þîAp�

ÿÀ�Ä. (·�¤`�“mn�/”´�Ø�¹>.�n�/.)

y²© (oÑy². ·�3ùp==�Ñ��/Ïã/�ín. r��

[y²�?Ö3�Öö.)

·�LyÑB´îAp�ÿÀ���Ä.

·�òA^·K2.3.4, �Äk·�I�yÑB´R2þ,�ÿÀ�

Ä.

�
��ù�:, ·�y²B÷v·K2.2.8�^�.
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·�*	��1��¯�´B´,�ÿÀ�Ä, Ï�§÷v·K2.2.8�

^�. (�²xB÷v·K2.2.8�^�, 5¿R2�u¤k.>²1uX¶�m

�>n�/�¿, �ù��ü�n�/��´,��ù��n�/.)

e¡·�y²÷v·K2.3.4�^�(i)Ú(ii).

Äk·��y^�(i). -R���>²1u�I¶�mÝ/, x�R¥�

?¿:. ·�LyÑ�3.>²1uX-¶�m�>n�/T , ¦�x ∈ T ⊆
R. lã/þwù�:´N´�Ñ�.
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¤±÷v·K2.3.4�^�.�B(¢´R2þîAp�ÿÀ�Ä.

3~2.2.9·��îAp�ÿÀ½Â
��d¤k“mÝ/”(÷v>²1

u�I¶)|¤�8Ü���Ä.~2.3.5L²“mÝ/”��“m�>n�/”(÷

v.>²1uX-¶)¤��, ÿÀØC. 3�!SK1¥·�òw�þã3

)Ò¥�^��±��K,ÿÀØC.d	, “mÝ/”�±�“m��”¤�

�1.

SK2.3

1. �äe�z��8Ü´Ä´R2þîAp�ÿÀ�Ä:

(i) d¤k>²1u�I¶�“m”��/|¤�8Ü;

(ii) d¤k“m”��|¤�8Ü;

(iii) d¤k“m”��/|¤�8Ü;

(iv) d¤k“m”Ý/|¤�8Ü;

(v) d¤k“m”n�/|¤�8Ü.

2. (i) -B���8Xþ,ÿÀ���Ä. XJB1´X¥�
f8|¤�

÷vτ ⊇ B1 ⊇ B�8Ü, ¦yB1�´τ���Ä.

(ii) l(i)íÑéRþ�îAp�ÿÀ,�3Ø�ê�ØÓ�Ä.

1¯¢þ, ý�õêÖ^m���xR2þ�îAp�ÿÀ.
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3. -B = {(a, b] : a, b ∈ R, a < b}. X3~2.3.1¤w��, B´Rþ,�ÿ

Àτ���Ä,�τØ´Rþ�îAp�ÿÀ.,,¦yz�«m(a, b)3(R, τ)¥

´m�.

4. ∗ -C[0, 1]�¤k[0, 1]þ�ëY¢�¼ê|¤�8Ü.

(i) y²8ÜM,ùpM = {M(f, ε) : f ∈ C[0, 1], ε´�¢ê}�M(f, ε) =

{g : g ∈ C[0, 1]�
∫ 1

0
|f − g| < ε}, ´C[0, 1]þ�,�ÿÀτ1�Ä.

(ii) y²8ÜU ,ùpU = {U(f, ε) : f ∈ C[0, 1], ε´�¢ê}�U(f, ε) =

{g : g ∈ C[0, 1]� supx∈[0,1] |f(x) − g(x)| < ε}, ´C[0, 1]þ�,�ÿ

Àτ2�Ä.

(iii) y²τ1 6= τ2.

5. �(X, τ)�ÿÀ�m. �����X�mf8|¤�8ÜS¡�τ�fÄ,

XJ¤kS¥¤
�k��|¤�8Ü´τ���Ä.

(i) y²¤k/X(a,∞)½(−∞, b)�m«m|¤�8Ü´RþîAp�

ÿÀ�fÄ.

(ii) y²S = {{a}, {a, c, d}, {b, c, d, e, f}}´~1.1.2¥ÿÀτ1���f

Ä.

6. -S�8ÜRþÿÀτ���fÄ. (ë�þ¡�SK5.) XJ¤k÷va <

b�4«m[a, b]áuS, ¦yτ�lÑÿÀ.

7. -X���8, S�¤k/XX \ {x}, x ∈ X�8Ü¤|¤�8Ü. ¦

yS´Xþk�4ÿÀ���fÄ.

8. -X�?ÛÃ�8, τ�Xþ�lÑÿÀ.�τé��fÄS,¦�SØ�¹
?Ûü:8.

9. -S�²¡R2þ¤k��|¤�8Ü. XJS�R2þ,�ÿÀτ�fÄ,

ù�ÿÀ´�o?

10. -S�²¡p¤k²1uX-¶���|¤�8Ü. XJS´R2þ,�ÿ

Àτ�fÄ, �x(R2, τ)¥�m8.
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11. -S�²¡þ¤k�|¤�8Ü.XJS´R2þ,�ÿÀτ�fÄ,�x(R2, τ)¥

�m8.

12. -S�²¡þ¤k�%3X-¶þ��|¤�8Ü. XJS´R2þ,�ÿ

Àτ�fÄ, �x(R2, τ)¥�m8.

§2.4 �P

�Ù·�½Â
���~��ÿÀ�m–R,äkîAp�ÿÀ�¤k

¢ê|¤�8Ü, ¿�s

�m5©Û§. ·�*	�, 3dÿÀp, m«

m(¢´m8(4«m´48). ,, Ø´¤k�m8´m«m. ÃØNo

�, z��R¥�m8´m«m�¿. ùò·���
0�“ÿÀ�Ä”�V

g, ¿�ïá
¤km«m|¤�8Ü´RþîAp�ÿÀ���Ä�(Ø.

31�Ù��óp·�òêÆy²£ã�Ã��Â�Øã,¿rN
�

y²��5. �Ù·�352.1.2 (v)9,��~f~2.2.7Ú\
�y{. y

²“¿©7�”^�,=“��=�”^�,3·K2.2.1��
)º,3·K2.2.8,

2.3.2, 2.3.3Ú2.3.4¥k?�Ú�~f.

ÿÀ�ÄÒÙg�ó´����ÌK. ·�w�, ~X, ¤k�ü

:8|¤�8Ü´lÑÿÀ���Ä.·K2.2.8�Ñ
X��
f8|¤�

8q´Xþ,�ÿÀ�Ä�¿©7�^�.ù�·K2.3.2�Ñ�(Ø�éì:

·K2.3.2�Ñ
X��
f8|¤�8q´Xþ�½ÿÀ�Ä�¿©7�^

�. 5¿�
ü�ØÓ�8Ü�±´Ó��ÿÀ�Ä. ·K2.3.4�Ñ
d(

Ø�¿©7�^�.

é?Û��ên, ·�½Â
Rnþ�îAp�ÿÀ. ·�w�d¤km

��|¤�8q´R2���Ä,d¤km��/|¤�8q½d¤kmÝ/

|¤�8q�´R2���Ä.

SK0�
n«k��g�. 2.1!SK8�Ñ
Fσ-8ÚGδ8�Vg, §

�3ÿÝØ¥´��. 2.3!SK4Ú\
ëY¢¼ê�m. ù���m¡

�¼ê�m, ´�¼©Û¥�¥%ïÄé�. �¼©Û´(²;)©ÛÚÿÀ

�·ÜN, k�¡�y�©Û, ë�Simmons Simmons [196]. ��, 2.3!S

K5-12?nfÄ�Vg.
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�ó

3¢ê�þ·�k“�C”�Vg. ~X, S�0.1, 0.01, 0.001, 0.0001,

0.00001, . . .¥�z�:'§�c��:��C0. ¢Sþ, 3,«¿Âe,

0´ù�S��4�:. ¤±«m(0, 1]´Ø4�, du§Ø�¹4�:0. 3

�����ÿÀ�m, ·�vk��“ål¼ê”, ¤±·�7L±ØÓ��

ª?1e�. ·�ò�3Ø¦Ïuål��¹e½Â4�:�Vg. $�3

·��Ñ�4�:�#½Âe, 0:ò�,´(0, 1]���4�:. 4�:V

g�Ú\ò¦·��Ð/n)48�Vg.

,��·�ò3ùÙÚ\��~��ÿÀVg´ëÏ5. �ÄÿÀ�

mR. ¦+8Ü[0, 1] ∪ [2, 3]Ú[4,6]üöÑU�£ã¤�Ý�2, w,§�´Ø

Óa�8Ü—cödüãØ�ë�Ü©|¤, �öd�ã|¤. ùüö�

m�ØÓ´“ÿÀ”�,ò¬ÏLëÏ5�Vg�³Ñ5.

§3.1 4�:Ú4�

XJ(X, τ)´��ÿÀ�m, @oÏ~¡8ÜX¥����:..

½Â 3.1.1. �A�ÿÀ�m(X, τ)�f8. :x ∈ X¡� A�4�:(½à

:), XJz��¹x�m8U�¹A¥ØÓux���:.

~ 3.1.2. �ÄÿÀ�m(X, τ), ùpX = {a, b, c, d, e}, ÿÀ

τ = {X, ∅, {a}, {c, d}, {a, c, d}, {b, c, d, e}},

A = {a, b, c}. @ob, dÚe´A�4�:, �aÚcØ´A�4�:.

y²©

a´A�4�:��=�z��¹a�m8�¹A¥�,��:.

¤±�
yÑaØ´A�4�:,é�=ù���¹a�Ø�¹A¥

Ù§:�m8Ò

.

46
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8Ü{a}´m�, ¿�Ø�¹A¥�Ù¦:. u´aØ´A�4�:.

8Ü{c, d}´�¹c�m8, �§Ø�¹A¥?ÛÙ§:. u´cØ´A�

4�:.

�
yÑb´A�4�:,·�L`²z��¹b�m8�¹A¥Ø

Óub�Ù§:.

·�òÏL�e¤k�¹b�m8¿�yÙ¥z�8Ü�¹A¥

ØÓub���:5y².

�¹b�m8�kXÚ{b, c, d, e}, �üöÑ�¹A¥�,����, =c.

¤±b´A4�:.

:d´A�4�:,¦+§ØáuA. ù´Ï�z���¹d�m8�¹A¥

���:. aq/, e´A�4�:, ¦+§ØáuA.

~ 3.1.3. �(X, τ)�lÑ�m, A´X¥f8. KAvk4�:, dué?

Ûx ∈ X, {x}´��Ø�¹?ÛA¥ØÓux�:.

~ 3.1.4. �ÄR¥f8A = [a, b). N´�yz�[a, b)¥��´A���4�

:. :b�´A���4�:.

~ 3.1.5. -(X, τ)�²TÿÀ�m, A�X���kü����f8. K´

wÑX¥z�:´A�4�:. (��o·�ùp��¦Ak��ü�:?)

e>�·K�u���8Ü´Ä´48Jø
��ék^��{.

·K 3.1.6. -A�ÿÀ�m(X, τ)���f8. KA3(X, τ)¥´4���=

�A�¹¤k§�4�:.

y²©

·�LyÑA3(X, τ)¥´4���=�A�¹¤k§�4�:;

=, ·�LyÑ:

(i) XJA�48, @o§�¹¤k§�4�:,�

(ii) XJA�¹¤k§�4�:,@o§´48.
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-A´(X, τ)¥�48. b�p´A�áuX \ A4�:. KX \ A´��

�¹A�4�:p�m8. ÏdX \ A�¹A¥���. w,ù´�Ø�, ¤±

·�d·��b���
gñ. Ïdz�A�4�:�½áuA.

�L5,�A�¹¤k§�4�:. éz�z ∈ X \A,d·��b���

3�¹z�m8Uz¦�Uz ∩A = ∅; =Uz ⊆ X \A. Ïd, X \A =
⋃

z∈X\A Uz.

(�yù�:!) ¤±X \ A´m8�¿, ��m8. u´§�Ö8A´4�.

~ 3.1.7. ��·K3.1.6�A^, ·�kXe(Ø:

(i) 8Ü[a, b)Ø´Rþ�48, dub´4�:, �b ∈ [a, b);

(ii) 8Ü[a, b]´Rþ�48,du¤k[a, b]�4�:(=¤k[a, b]¥���)á

u[a, b];

(iii) (a, b)Ø´Rþ�48, du§Ø�¹4�:a;

(iv) [a,∞)´Rþ�4f8.

·K 3.1.8. -A�ÿÀ�m(X, τ)�f8, A′�A�¤k4�:|¤�8Ü.

KA ∪ A′´48.

y²©d·K3.1.6, ·��Iy8ÜA∪ A′�¹¤k§�4�:, ½�

d/, 8ÜX \ (A ∪ A′)Ø�¹A ∪ A′�4�:.

-p ∈ X \ (A ∪ A′). dup 6∈ A′, �3�¹p�m8U , ÷vU ∩ A =

{p}½∅. �p 6∈ A, u´U ∩A = ∅. ·�äó�kU ∩A′ = ∅. Ï�ex ∈ U,

duU´m8�U ∪ A = ∅, x 6∈ A′. �U ∩ A′ = ∅. =U ∩ (A ∪ A′) = ∅,

�p ∈ U . ÏdpØ´A ∪ A′�4�:, �A ∪ A′´48.

½Â 3.1.9. -A�ÿÀ�m(X, τ)�f8. @odA�¤k:ÚA�¤k4

�:|¤�8ÜA∪ A′¡�A�4�, ^A5L«.

5 3.1.10. d·K3.1.8,w,A´48. d·K3.1.6Ú3.1!SK5(i),z

��¹A�48��½�¹8ÜA′. ¤±A ∪ A′ = A´����¹A�48.

dd��A´¤k�¹A�48��.
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~ 3.1.11. -X = {a, b, c, d, e}�

τ = {X, ∅, {a}, {c, d}, {a, c, d}, {b, c, d, e}}.

y²{b} = {b, e}, {a, c} = X, 9{b, d} = {b, c, d, e}.

y²©

�
é�,��½8Ü�4�,·�òéÑ¤k�¹d8Ü�4

8, ¿l¥ÀJ�����. Ïd·�±�e¤k�48��m©–

§��´¤km8�Ö8.

48´∅, X, {b, c, d, e}, {a, b, e}, {b, e}Ú{a}. ¤±�¹{b}���48
´{b, e}; ={b} = {b, e}. �q/, {a, c} = X, 9{b, d} = {b, c, d, e}.

~ 3.1.12. -Q�R¥¤kknê|¤�8Ü. ¦yQ = R.

y²© b� Q 6= R. @o�3x ∈ R \ Q. duR \ Q´R¥�m8, �

3a, b, ÷va < b, ¦�x ∈ (a, b) ⊆ R \ Q. �´3d«m(a, b)¥�3��k

nêq; =q ∈ (a, b). ¤±q ∈ R \ Q, u´q ∈ R \ Q. ù´�gñ, Ï�q ∈ Q.

Ïd, Q = R.

½Â 3.1.13. -A�ÿÀ�m(X, τ) �f8. @oA¡�3X¥´È��,

½3X¥´??È��, XJA = X.

·�y3�±#ò~3.1.12Qã�: Q´R¥�È�f8.

5¿�3~3.1.11¥·�w�{a, c}3X¥È�.

~ 3.1.14. -(X, τ)�lÑ�m. Kz�X�f8´4�(duÙÖ�m8).

ÏdX����È�8´Xg�, duz�X�f8´Ùg��4�.

·K 3.1.15. -A���ÿÀ�m�(X, τ)�f8. @oA3X¥È�, �

�=�X�z���m8ÚAk����8(=, XJU ∈ τ�U 6= ∅, @

oA ∩ U 6= ∅.)
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y²©

Äk,b�z���m8ÜÚA��8��.XJA = X,@ow,A3X¥

È�. XJA 6= X, �x ∈ X \ A. XJU ∈ τ�x ∈ U, @oU ∩ A 6= ∅. u

´x´A���4�:. dux´X \ A�?¿:, z�X \ A¥�:´A�4

�:. u´A′ ⊇ X \ A, d½Â3.1.9, A = A′ ∪ A = X; =A3X¥È�.

�L5,b�A3X¥È�.-U�X�?Û��m8. b� U ∪A = ∅.

@oex ∈ U , Kx 6∈ A, �xØ´A�4�:, Ï�U´���¹x�m8, �

Ø�¹A¥�?Û��.ù´�gñ,Ï�A3X¥È�,z�X \A¥���

´A�4�:. Ïd·��b�´�Ø�,u´U ∩ A 6∈ ∅, X¤�¦�@�.

SK3.1

1. (a) (i) 3~1.1.2¥, éÑe�8Ü�¤k�4�::

(ii) {a},
(iii) {b, c}
(iv) {a, c, d},
(v) {b, d, e, f}.

(b) ddé�þ¡z�8Ü�4�.

(c) y3^~3.1.11��{éþ¡z�8Ü�4�.

2. -Z, τ�äkk�4ÿÀ��ê8Ü.�Ñe�8Ü�4�:8:

(i) A = {1, 2, 3, . . . , 10},

(ii) d¤kó�ê|¤�8ÜE.

3. éÑ¤kRþm«m(a, b), a < b, �4�:.

4. (a) e�8Ü3R¥�4�´�o?

(i) {1, 1
2
, 1

3
, 1

4
, . . . , 1

n
, . . .},

(ii) ¤k�ê|¤�8ÜZ,

(iii) ¤kÃnê|¤�8ÜP.
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(b) -S�R¥���f8, a ∈ R. ¦ya ∈ S��=�éz���ên,

�3xn ∈ S¦�|xn − a| < 1
n
.

5. -SÚT´ÿÀ�m(X, τ)���f8,�S ⊆ T .

(i) XJp´8ÜS�4�:,�yp�´8ÜT�4�:.

(ii) l(i)íÑS ⊆ T .

(iii) ddy²XJS3X¥È�,@oT�3X¥È�.

(iv) d(iii)`²RkØ�ê�ØÓ�È�f8.

(v) 2g|^(iii),y²RkØ�ê�ØÓ��êÈ�f892c�ØÓ�

Ø�êÈ�f8.

§3.2 ��

½Â 3.2.1. -(X, τ)�ÿÀ�m, N�X¥�f8, p�N¥�:. KN¡

�p���, XJ�3m8U¦�p ∈ U ⊆ N .

~ 3.2.2. R¥�4«m[0, 1]´:1
2
���, Ï�1

2
∈ (1

4
, 3

4
) ⊆ [0, 1].

~ 3.2.3. R¥«m(0, 1]´:1
4
���, Ï�1

4
∈ (0, 1

2
) ⊆ (0, 1]. �´(0, 1]Ø´

:1���. (y²ù�:.)

~ 3.2.4. XJ(X, τ)´?ÛÿÀ�m, U ∈ τ, @ol½Â3.2.1��U´¤

k:p ∈ U���. Ïd, ~Xz�R¥�m«m(a, b)´§�¹�z�:��

�.

~ 3.2.5. -(X, τ)�ÿÀ�m, N�:p���. XJS´÷vN ⊆ S�?Û

f8, @oS´p���.

±e·KN´�y, �y²3�Öö.

·K 3.2.6. -A�ÿÀ�m(X, τ)�f8. :x ∈ X´A�4�:, ��=�

z�x����¹A¥ØÓux�:.

du��8Ü´4���=�§�¹¤k§�4�:,·�kXeíØ:
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íØ 3.2.7. -A´ÿÀ�m(X, τ)�f8. KA´4���=�éz�x ∈
X \ A, �3x���N , ¦�N ⊆ X \ A.

íØ 3.2.8. -U�ÿÀ�m(X, τ)�f8. KU ∈ τ��=�éz�x ∈ U ,

�3x���N , ¦�N ⊆ U .

e�íØ�díØ3.2.8���Ñ.

íØ 3.2.9. -U�ÿÀ�m(X, τ)�f8. @oU ∈ τ��=�éz�x ∈ U ,

�3V ∈ τ¦�x ∈ V ⊆ U.

íØ3.2.9é��8Ü´Ä´m8Jø
��k^�ÿÁ.§w�·��

�8Ü´m�, ��=�é§¥�z�:, �é����¹ù�:�m8�

�§�f8.

SK3.2

1. -A�ÿÀ�m(X, τ)�f8. y²A3X¥È���=�z�X \ A¥

:�z����A��8��.

2. (i) -AÚB´ÿÀ�m(X, τ)�f8. c[y²

A ∩ B ⊆ A ∩ B.

(ii) �E��¦�

A ∩ B 6= A ∩ B

�~f.

3. -(X, τ)�ÿÀ�m. ¦yτ´Xþ�k�4ÿÀ,��=�(i) (X, τ)´T1-

�m, �(ii) z�X¥�Ã�f83X¥È�.

4. ÿÀ�m(X, τ)¡��©�,XJ§k���êÈ�f8. �½e¡=


�m´�©�:

(i) äÏ~ÿÀ�8ÜR;

(ii) älÑÿÀ��ê8;

(iii) äk�4ÿÀ��ê8;
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(iv) (X, τ), X´k�8;

(v) (X, τ), τk�.

(vi) älÑÿÀ�Ø�ê8;

(vii) äk�4ÿÀ�Ø�ê8;

(viii) ÷v1��ê5ún��m(X, τ).

5. -(X, τ)�?¿ÿÀ�m, A�?¿X�f8. �¹3A¥���m8¤

�A�SÜ, P�Int(A). [§´¤k���¹uA�X¥m8�¿.]

(i) ¦y3R¥, Int([0, 1]) = (0, 1).

(ii) ¦y3R¥, Int((3, 4)) = (3, 4).

(iii) y²XJA3(X, τ)¥´m�,@oInt(A) = A.

(iv) �y3R¥, Int({3}) = ∅.

(v) y²XJ(X, τ)´²T�m, @oé¤kX¥�ýf8A, Int(A) =

∅.

(vi) y²éz�R¥��êf8A, Int(A) = ∅.

6. y²XJA´ÿÀ�m(X, τ)�?¿f8, @oInt(A) = X \ (X \ A).

(Int�½Â�þ>SK5.)

7. |^þ¡SK6�(Ø�yA3(X, τ)¥È�,��=�Int(X \ A) = ∅.

8. �âþ¡SK5¥Int�½Â,�½éuÿÀ�m(X, τ)�?Ûf8A1ÚA2,

e¡=
Øä�(.

(i) Int(A1 ∩ A2) = Int(A1) ∩ Int(A2),

(ii) Int(A1 ∪ A2) = Int(A1) ∪ Int(A2),

(iii) A1 ∪ A2 = A1 ∪ A2.

(XJ\@�þ¡,�Øä´“é”�, \7L�Ñy². XJ\@�

þ¡,�Øä´“�”�,\7L�Ñ��äN��~.)
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9. ∗-S�ÿÀ�m(X, τ)¥�È�f8. ¦yéz�X¥�m8U , S ∩ U =

U.

10. -SÚT´�m(X, τ)�È�f8. XJT´m�, @o�âþ¡SK9í

ÑS ∩ T3X¥È�.

11. -B = {[a, b) : a ∈ R, b ∈ Q, a < b}. y²Xez�(Ø.

(i) B´Rþ,�ÿÀτ1�Ä. (�m(R, τ1)¡�Sorgenfrey�.)

(ii) XJτ´Rþ�îAp�ÿÀ,@oτ1 ⊃ τ.

(iii) é¤ka, b ∈ R, a < b, [a, b)´(R, τ1)þ�4m8.

(iv) Sorgenfrey�´���©�m.

(v) ∗ Sorgenfrey�Ø÷v1��ê5ún.

§3.3 ëÏ5

5 3.3.1. ·�3ùpP¹�
\AT@���½ÂÚ¯¢. �S´?Û

¢ê8. XJ3S¥k��b¦�é¤kx ∈ S¤áx ≤ b, Kb¡�S¥���

��. �q/, XJS�¹����a, ¦�é¤kx ∈ S¤áa ≤ x, @oa¡

�S�����. ¢ê8S¡�þk.�, XJ�3¢êc¦�é¤kx ∈ S,

¤áx ≤ c. c¡�S�þ.. �q/, ½Â“ek.”Ú“e.”. ��Qþk.

qek.�8Ü¡�k.�.

��þ.ún: -S���¢ê8. XJS´þk.�,@o§k��þ..

��þ., �¡�S�þ(., P�sup(S), �Uáu��UØáu8

ÜS. ¯¢þ, S�þ(.´S¥���, ��=�Sk����. ~X, m«

mS = (1, 2)�þ(.´2, �2 6∈ (1, 2), [3, 4]�þ(.´4, 4áu[3, 4]¿

´[3, 4]�����. ?Û��ek.�¢ê8Sk��e., �¡�e(.,

P�inf(S).

Ún 3.3.2. -S´��þk.�R¥�f8, p�S�þ(.. XJS´R¥�

48, Kp ∈ S.
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y²© b� p ∈ R \ S. duR \ S´m8, �3¢êa, b, a < b, ¦

�p ∈ (a, b) ⊆ R \ S. dup´S��� þ.�a < p, w,�3x ∈ S¦

�a < x. Ó�kx < p < b, �x ∈ (a, b) ⊆ R \ S. �ù´�gñ, Ï�x ∈ S.

�b��Ø, p ∈ S.

·K 3.3.3. -τ�R¥�4mf8. @o½öT = R½öT = ∅.

y²© b� T 6= R, �T 6= ∅. @o�3x ∈ T 9z ∈ R \ T. Ø��

�5, �x < z. -S = T ∩ [x, z]. KS´ü�48��, ��48. §�´

þk.�, Ï�w,z´��þ.. -p�S�þ(.. dÚn3.3.2, p ∈ S. q

Ïp ∈ [x, z], p ≤ z. dz ∈ R \ S, p 6= z, �p < z.

T�´m8�p ∈ T . u´�3R¥aÚb, a < b, ¦�p ∈ (a, b) ⊆ T.

�t´÷vp < t < min(b, z)���ê, ùpmin(b, z)L«bÚz¥���ê.

�t ∈ T�t ∈ [p, z]. u´t ∈ T ∩ [x, z] = S. ù´�gñ,Ï�t > p�p´S�

þ(.. Ïd·��b��Ø, u´T = R½T = ∅.

½Â 3.3.4. -(X, τ)���ÿÀ�m. K§¡�´ ëÏ �, XJX�4m

8=kXÚ∅.

¤±#Qã·K3.3.3·���:

·K 3.3.5. ÿÀ�mR´ëÏ�.

~ 3.3.6. XJ(X, τ)´k�L�����lÑ�m,@o(X, τ) Ø´ëÏ�,

Ï�z�ü:8´4m8.

~ 3.3.7. XJ(X, τ)´?Û²T�m, @o§´ëÏ�, Ï�=k�4m8

´XÚ∅. (¢Sþ=k�m8´XÚ∅.)

~ 3.3.8. XJX = {a, b, c, d, e}�

τ = {X, ∅, {a}, {c, d}, {a, c, d}, {b, c, d, e}},

@o(X, τ)Ø´ëÏ�, Ï�{b, c, d, e}´4m8.
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5 3.3.9. d½Â3.3.4, ÿÀ�m(X, τ)Ø´ëÏ�(=§´ ØëÏ�),

��=��3��m8AÚB¦�A ∩ B = ∅�A ∪ B = X.1 (ë��!S

K3)

·�ÏLP¹eR2(¢Sþ, Rn,éz�n ≥ 1)´ëÏ�m. ,�'y

²��1ÊÙâ�Ñ.

ëÏ5´���~��5�,'u§·�ò�2ùéõ.

SK3.3

1. -S�¢ê8, �T = {x : −x ∈ S}.

(a) y²¢êa´S�e(., ��=�−a´T�þ(..

(b) |^(a)Ú��þ.úny²z�ek.���¢ê8k��e..

2. ée¡z�¢ê8, éÑ����Ú��þ.,XJ¦��3.

(i) S = R.

(ii) S = Z =¤k�ê|¤�8Ü.

(iii) S = [9, 10).

(iv) S =¤k/X1− 3
n2�¢ê�8Ü, ùpn���ê.

(v) S = (−∞, 3].

3. -(X, τ)�ÿÀ�m. ¦y(X, τ)Ø´ëÏ�, ��=�§k��Ø��

�ýmf8AÚB¦�A∪ B = X.

4. ~1.1.2¥��m(X, τ)´ëÏ�í?

5. -(X, τ)�äkk�4ÿÀ�Ã�8. (X, τ)ëÏí?

6. -(X, τ)�äk�ê4ÿÀ�Ã�8. (X, τ)ëÏí?

7. =
1.1!SK9�Ñ�ÿÀ�m´ëÏ�?

1ý�õêÖ^ù�5�5½ÂëÏ5.



§3.4 �P 57

§3.4 �P

�Ù·�Ú\
4�:�Vg,¿�y²
��8Ü´4���=�§

�¹¤k§�4�:. ·K3.1.8�e5w�
·�?Û8ÜAÑk���¹

§g����48A. 8ÜA¡�A�4�.

ÿÀ�m(X, τ)�f8A¡�3X¥È�,XJA = X.·�w�
Q3R¥

È�, �d¤kÃnê|¤�8ÜP�3R¥È�.·�Ú\
:����V

g, 9ëÏÿÀ�m�Vg. ·�y²
����(J, =R´ëÏ�. ·

�±�ò¬éëÏ5?1�õ�ïÄ.

3SKp·�Ú\
8ÜSÜ�Vg,ù´é8Ü4��Vg�Ö¿.
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�ó

3z�êÆ�©|, £OÛ�ü�(�´�d�äkÄ���5. ~

X,ü�8Ü´�d�,Ò8ÜnØó,XJ�3��V�¼êò��8Ü

N��,��8Ü.ü�+´�d�,¡�Ó��,XJ�3���,���

��¿��þ�Ó�. ü�ÿÀ�m´�d�, ¡�Ó��, XJ���m

�,���m�Ó�.

§4.1 f�m

½Â 4.1.1. -Y�ÿÀ�m(X, τ)���f8. Y�f8|¤�8ÜτY =

{O∩Y : O ∈ τ}´Yþ�ÿÀ, ¡�f�mÿÀ(½ö�éÿÀ, ½p�ÿÀ,

½τp�3Yþ�ÿÀ). ÿÀ�m(Y, τY )¡�(X, τ)þ��� f�m.

�,\ATØ�τY(¢´Yþ���ÿÀ.

~ 4.1.2. -X = {a, b, c, d, e, f},

τ = {X, ∅, {a}, {c, d}, {a, c, d}, {b, c, d, e, f}},

9Y = {b, c, e}. KYþ�fÿÀ�m�

τY = {Y, ∅, {c}}.

~ 4.1.3. -X = {a, b, c, d, e},

τ = {X, ∅, {a}, {c, d}, {a, c, d}, {b, c, d, e}},

9Y = {a, d, e}. KYþ�p�ÿÀ´

τY = {Y, ∅, {a}, {d}, {a, d}, {d, e}}.

~ 4.1.4. -B�XþÿÀτ�Ä, Y�X�f8. KØJy²8ÜBY = {B ∩
Y : B ∈ B}´YþfÿÀ�mτY�Ä. [öS: �yù�:.]

¤±,4·��ÄR�f8(1, 2). (1, 2)þ�p�ÿÀ���Ä´8Ü{(a, b)∩
(1, 2) : a, b ∈ R, 1 ≤ a < b ≤ 2}´(1, 2)þp�ÿÀ�Ä.

58
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~ 4.1.5. �ÄR¥f8[1, 2]. [1, 2]þ�fÿÀ�mτ���Ä�

{(a, b) ∩ [1, 2] : a, b ∈ R, a < b};

=, {(a, b) : 1 ≤ a < b ≤ 2} ∪ {[1, b) : 1 < b ≤ 2} ∪ {(a, 2] : 1 ≤ a <

2} ∪ {[1, 2]}´τ�Ä.

�´ùp·�w��
Û%�¯�u)
;~X, [1, 11
2
)�,Ø´R¥�

m8, �[1, 11
2
) = (0, 11

2
) ∩ [1, 2]´f�m[1, 2]�m8.

�k, (1, 2]3RþØ´m8, �3[1, 2]¥´m8. $�[1, 2]3R¥Ø´m

8, �3[1, 2]¥´m8.

¤±ÃØÛ�·�`��8Ü´m�,·�7L�~�Ù/`²´3=

��m½=�ÿÀ§´m8.

~ 4.1.6. -R�d¤k�ê|¤�R�f8. ¦yRþîAp�ÿÀ3Zþ

�p�ÿÀ´lÑÿÀ.

y²©

�
y²3Zþ�p�ÿÀτZ´lÑ�,d·K1.1.9,yÑz�Z¥

�ü:83τZ¥´m�Ò

; =XJn ∈ Z, @o{n} ∈ τZ .

-n ∈ Z. @o{n} = (n − 1, n + 1) ∩ Z. �(n − 1, n + 1)3R¥´m8,

Ïd{n}3Zþ�p�ÿÀ´m�. Ïdz�Z¥�ü:83Zþ�p�ÿÀ

´m�. u´dp�ÿÀ´lÑ�.

PÒ: z�·�J�

Q =¤kknê|¤�8Ü,

Z =¤k�ê|¤�8Ü,

N =¤k��ê|¤�8Ü,

P =¤kÃnê|¤�8Ü,

(a, b), [a, b], [a, b), (−∞, a), (−∞, a], (a,∞), ½[a,∞)
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��ÿÀ�m, vk²(`²´�oÿÀ, ·����R�f�m�p�

ÿÀ. (k�·�^“Ï~ÿÀ”5��ù
8Üþ�p�ÿÀ.)

SK4.1

1. -X = {a, b, c, d, e}, τ = {X, ∅, {a}, {a, b}, {a, c, d}, {a, b, c, d}, {a, b, e}}.
�Ñ3Y = {a, c, e}þ�p�ÿÀτY�¤
, 93Z = {b, c, d, e}þ�p
�ÿÀτZ .

2. �xdRþîAp�ÿÀ3��ê8Nþ¤p��ÿÀ.

3. ée�z�8Ü�Ñ��Ï~ÿÀ�Ä:

(i) [a, b), ùpa < b;

(ii) (a, b], ùpa < b;

(iii) (−∞, a];

(iv) (−∞, a);

(v) (a,∞);

(vi) [a,∞).

[J«: ë�~4.1.4Ú4.1.5.]

4. -A ⊆ B ⊆ X, �XäkÿÀτ . -τB�Bþ�f�mÿÀ. ?�Ú,

-τ1�τ3Aþp��ÿÀ, τ2´τB3Aþp��ÿÀ. ¦yτ1 = τ2. (¤

±f�m�f�m´f�m)

5. -(Y, τY )´�m(X, τ)�f�m. ¦yY�f83(Y, τY )¥´4���=

�Z = A ∩ Y, ùpA´(X, τ)�4f8.

6. ¦ylÑ�m�z�f�m´lÑ�m.

7. ¦y²T�m�z�f�m´²T�m.

8. ¦yR�f�m[0, 1]∪ [3, 4]k��4�4mf8. §�kõ�4mf8?

9. ëÏ�m�z�f�m´ëÏ�`{éí?
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10. -(Y, τY )�(X, τ)�f�m. ¦yτY ⊆ τ��=�Y ∈ τ.

[J«: P4Y ∈ τY .]

11. -AÚB´ÿÀ�m(X, τ)�ëÏf�m. XJA ∩ B 6= ∅, ¦yf�

mA ∪ B´ëÏ�.

12. -(Y, τ1)�T1-�m(X, τ)���f�m. ¦y(Y, τ1)�´T1�m.

13. ÿÀ�m(X, τ)¡�´Hausdorff �(½´��T2-�m), XJé�½�

?Û�éX¥�ØÓ�:,�3m8UÚV¦�a ∈ U, b ∈ V,�U∩V = ∅.

(a) ¦yR´Hausdorff�m.

(b) ¦yz�lÑ�m´Hausdorff�.

(c) ¦yz�T2-�m�´T1-�m.

(d) ¦yäkk�4ÿÀ�Z´T1�m, �Ø´T2�m.

(e) ¦y?ÛT2-�m�f�m´T2-�m.

14. -(Y, τ1)´ÿÀ�m(X, τ)�f�m. XJ(X, τ)÷v1��ê5ún,¦

y(Y, τ1)�÷v1��ê5ún.

15. -aÚbáuR, a < b. ¦y[a, b]´ëÏ�.

[J«: ^[a, b]��·K3.3.3�QãÚy²¥¤k�R.]

16. -Q�äÏ~ÿÀ�¤kknê|¤�8Ü, P�äÏ~ÿÀ�¤kÃn

ê|¤�8Ü.

(a) ¦yRÚPÑØ´lÑÿÀ.

(b) Q½P´ëÏ�mí?

(c) Q½P´Hausdorff�mí?

(d) Q½Päkk�4ÿÀí?

17. ÿÀ�m(X, τ)¡��K�m,XJé?ÛX¥�4f8AÚ?Ûx ∈ X \
A, �3m8UÚV , ¦�x ∈ U, A ⊆ V , �U ∩ V = ∅. XJ(X, τ)´�K

�, ¿�´T1-�m, @o§¡�T3-�m. y²Xe(Ø.
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(i) z��K�m�f�m´�K�m.

(ii) �mR, Z, Q, PÚR2´�K�m.

(iii) XJ(X, τ)´�KT1�m, @o§´T2-�m.

(iv) Sorgenfrey�´�K�m.

(v) ∗-X�¤k¢ê|¤�8ÜR, S = { 1
n

: n ∈ N}. ½Â8ÜC ⊆
R´4�, XJC = A ∪ T, ùpA´RþîAp�ÿÀ¥�48,

T´S�?Ûf8. ù
48�Ö8�¤Rþ���ÿÀτ , dÿÀ

´Hausdorff�, �Ø´�K�.

§4.2 Ó�

·�y3=��dÿÀ�m�Vg. ·�±�Ä��~f��m©:

X = {a, b, c, d, e}, Y = {g, h, i, j, k},

τ = {X, ∅, {a}, {c, d}, {a, c, d}, {b, c, d, e}},

Ú

τ1 = {Y, ∅, {g}, {i, j}, {g, i, j}, {h, i, j, k}}.

w,�úþ(X, τ)“�du”(Y, τ1). df(a) = g, f(a) = g, f(a) = g, f(a) =

g, f(a) = g½Â�N�f : X → Y Jø
�d5. ·�y3�ªzù«�d

5.

½Â 4.2.1. -(X, τ)Ú(Y, τ1)�ÿÀ�m. K§�¡�Ó��, XJ�3÷

ve�5��N�f : X → Y :

(i) f´���(=df(x1) = f(x2)kx1 = x2¤á),

(ii) f´�þ�(=é?Ûy ∈ Y, �3x ∈ X¦�f(x) = y),

(iii) éz�U ∈ τ1, f−1(U) ∈ τ, �

(iv) éz�V ∈ τ , f(V ) ∈ τ1.
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?�Ú, N�f¡�(X, τ)Ú(Y, τ1)�m���Ó�N�. ·�P�(X, τ) ∼=
(Y, τ1).

·�ò�yÑ“ ∼= ”´���d'X,¿^ù�:y²¤km«m(a, b)*

dm´Ó��. ~4.2.2´1�Ú, §L²
“∼=”´��D4'X.

~ 4.2.2. -(X, τ), (Y, τ1)Ú(Z, τ2)�ÿÀ�m. XJ(X, τ) ∼= (Y, τ1)�(Y, τ1) ∼=
(Z, τ2), ¦y(X, τ) ∼= (Z, τ2).

y²©

·�®�(X, τ) ∼= (Y, τ1); =�3Ó�N�f : (X, τ) → (Y, τ1).

·��®�(Y, τ1) ∼= (Z, τ2); =�3Ó�N�g : (Y, τ1) → (Z, τ2).

·�LyÑ(X, τ) ∼= (Z, τ2); =·�I�é���Ó�N�h :

(X, τ) → (Z, τ2). ·�òy²EÜN�g ◦ f : X → Z´¤�¦�Ó

�N�.

du(X, τ) ∼= (Y, τ1)�(Y, τ1) ∼= (Z, τ2), �3Ó�N�f : (X, τ) →
(Y, τ1)Úg : (Y, τ1) → (Z, τ2). �ÄÎÜN�g ◦ f : X → Z. [ùpg ◦ f(x) =

g(f(x)), é¤kx ∈ X.] �yg ◦ f´���9�þ�´§S5?Ö. y3

�U ∈ τ2. Kdug�Ó�N�, g−1(U) ∈ τ1. df´Ó�N��¯¢, ·��

�f−1(g−1(U)) ∈ τ. �f−1(g−1(U)) = (g ◦ f)−1(U). ¤±g ◦ fk½Â4.2.1�

5�(iii). �e5-V ∈ τ . @of(V ) ∈ τ1, �g(f(V )) ∈ τ2; =g ◦ f(V ) ∈ τ2,

u´·�w�g ◦ fk½Â4.2.1�5�(iv). Ïdg ◦ f´Ó�N�.

5 4.2.3. ~4.2.2L²“∼=”´D4��'X. ¯¢þN´�y§´��

�d'X; =,

(i) (X, τ) ∼= (X, τ) (���);

(ii) d(X, τ) ∼= (Y, τ1)��(Y, τ1) ∼= (X, τ) (é¡�);

[*	�XJf : (X, τ) → (Y, τ1)´Ó�N�, @o§�_f−1 :

(Y, τ1) → (X, τ)�´Ó�N�.]

(iii) d(X, τ) ∼= (Y, τ1)Ú(Y, τ1) ∼= (Z, τ2)��(X, τ) ∼= (Z, τ2) (D4�).
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e¡�n�~fL²¤kR¥�m«m´Ó��. �Ý�½Ø´��ÿ

À5�. AO�,��äk��Ý�m«m,X(0, 1),´���äÃ��Ý�

«m, X(−∞, 1), Ó�. ¯¢þ¤km«m�RÓ�.

~ 4.2.4. ¦y?Ûü���m«m(a, b)Ú(c, d)´Ó��.

y²© ({Ñy²)

d54.2.3, ��yÑ(a, b)�(0, 1)Ó��(c, d)��(0, 1)Ó�. �

duaÚb´?¿�ê(Ø
�÷va < b), XJ(a, b)�(0, 1)Ó�, @

o(c, d)��(0, 1)Ó�. �
y²(a, b)�(0, 1)Ó�, é���Ó�N

�f : (0, 1) → (a, b)Ò

.

-a, b ∈ R, a < b, �Ä¼êf : (0, 1) → (a, b), d

f(x) = a(1 − x) + bx.
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a

b

0 1

w,f : (0, 1) → (a, b)´����þ�. lãþw, ²w/, ?Û(0, 1)¥

�m«méA�f�ã�´(a, b)¥�m«m;=

f((0, 1)¥�m«m) =��(a, b)¥�m«m.

�z�(0, 1)¥�m8´(0, 1)¥m«m�¿,u´

f((0, 1)¥�m8) = f((0, 1)¥m«m�¿) (4.1)

= (a, b)¥m«m�¿ (4.2)

= (a, b)¥�m8. (4.3)
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�÷v½Â4.2.1�^�(iv). aq/,·���f−1((a, b)¥�m8)�´(0, 1)¥

�m8. u´÷v½Â4.2.1�^�(iii).

[öS: c[�Ñþ¡�y².]

Ïd, f´��Ó�N�, ¿�(0, 1) ∼= (a, b), é¤ka, b ∈ R, a < b.

lþ¡�Qãá=�±��(a, b) ∼= (c, d), X¤�¦�@�.

~ 4.2.5. ¦y�mR�äkÏ~ÿÀ�m«m(−1, 1)Ó�

y²©

({Ñy².) ½Âf : (−1, 1) → R,

f(x) =
x

1 − |x| .

N´�yf´��¿�þ�,aqu~4.2.4¥�ã«í�L²f´��Ó

�ÿÀ.
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[öS: �ÑL²f´��Ó�ÿÀ�y².]
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~ 4.2.6. ¦yz�m«m(a, b), a < b, ÚRÓ�.

y²©d~4.2.5, 4.2.4954.2.3����.

5 4.2.7. �±ÏL�q��ªy²?Ûü�«m[a, b]Ú[c, d], a < b�c <

d, ´Ó��.

SK4.2

1. (i) XJa, b, c, d´¢ê, a < b�c < d, ¦y[a, b] ∼= [c, d].

(ii) XJaÚb´?Û¢ê, ¦y

(−∞, a] ∼= (−∞, b] ∼= [a,∞) ∼= [b,∞).

(iii) XJc, d, eÚf´÷vc < dÚe < f�?¿¢ê, ¦y

[c, d) ∼= [e, f) ∼= (c, d] ∼= (e, f ].

(iv) íÑé?Û÷va < b�¢êaÚb,

[0, 1) ∼= (−∞, a] ∼= [a,∞) ∼= [a, b) ∼= (a, b].

2. ¦yZ ∼= N.

3. �mÚc´�"¢ê�X´dX = {〈x, y〉 : y = mx + c}�½�R2�f�

m. ¦yX�RÓ�.

4. (i) �X1ÚX2´R2¥dXeªf½Â�4Ý/«�:

X1 = {〈x, y〉 : |x| ≤ a1, |y| ≤ b1}

Ú

X2 = {〈x, y〉 : |x| ≤ a2, |y| ≤ b2},

ùpa1, b1, a2Úb2´�¢ê. XJX1ÚX2lR2¥��p�ÿÀ, ¦

yX1
∼= X2.
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(ii) �D1ÚD2�R2¥deª�½�4��:

D1 = {〈x, y〉 : x2 + y2 ≤ c1}

Ú

D2 = {〈x, y〉 : x2 + y2 ≤ c2},

ùpc1Úc2´�¢ê. ¦yÿÀ�mD1
∼= D2, ùpD1ÚD2äk§

��f�mÿÀ.

(iii) ¦yX1
∼= D1.

5. �X1ÚX2´dX1 = (0, 1) ∪ (3, 4)ÚX2 = (0, 1) ∪ (1, 2)�Ñ�R�f�

m. X1
∼= X2¤áí? (�Ñnd)

6. (Ó�N�+)-(X, τ)�?¿ÿÀ�m, G�¤kX�§g��Ó�N�

|¤�8Ü.

(i) ¦y3EÜN��$�e, G´��+.

(ii) XJX = [0, 1], ¦yG´Ã��.

(iii) XJX = [0, 1], G´C��+(��+)í?

7. -(X, τ)Ú(Y, τ1)�Ó�ÿÀ�m. ¦y

(i) XJ(X, τ)´T0�m, @o(Y, τ1)´T0-�m.

(ii) XJ(X, τ)´T1�m, @o(Y, τ1)´T1-�m.

(iii) XJ(X, τ)´Hausdorff�m, @o(X, τ1)´Hausdorff�m.

(iv) XJ(X, τ)÷v1��ê5ún,@o(Y, τ1)÷v1��ê5ún.

(v) XJ(X, τ)´�©�m, @o(Y, τ1)´�©�m.

8. ∗�(X, τ)�lÑÿÀ�m. ¦y(X, τ)�R���f�mÓ�, ��=

�X´�ê�.
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§4.3 ØÓ��m

�
y²ü�ÿÀ�m´Ó��,·�Ø�Øé��§��m�Ó�N

�.

�´, y²ü�ÿÀ�mØÓ�Ï~J�õ, Ï�·�Ø�Ø`²Ø�

3Ó�ÿÀ. e¡�~fé·�XÛ5`²ù�:Jø
���¢.

~ 4.3.1. ¦y[0, 2]Ø�R¥f�m[0, 1]∪ [2, 3]Ó�.

y²©-(X, τ) = [0, 2], (Y, τ1) = [0, 1] ∪ [2, 3]. @o

[0, 1] = [0, 1] ∩ Y ⇒ [0, 1]3(Y, τ1)¥4

�

[0, 1] = (−1, 1
1

2
) ∩ Y ⇒ [0, 1]3(Y, τ1)¥m.

u´YØëÏ, Ï�§k��ý4mf8[0, 1].

b� (X, τ) ∼= (Y, τ1). u´�3Ó�N�f : (X, τ) → (Y, τ1).�f−1([0, 1])

´X �4mf8, �XØëÏ. ù´Øé�, du[0, 2] = X´ëÏ�. (ë

�4.1!SK15.) u´·�����gñ,�(X, τ) 6∼= (Y, τ1).

l¥·�UÆ��o?

·K 4.3.2. ?Û���ëÏ�mÓ��ÿÀ�m´ëÏ�.

·K4.3.2�
·��«ÁX`²ü�ÿÀ�mØÓ���«�{... Ï

Lé���“Ó�N��±�”5�,���mäkd5�,,��Øäk.

3SKp·�®²��
éõ“Ó�N��±�”5�:

(i) T0-�m;

(ii) T1-�m;

(iii) T2-�m½Hausdorff�m;

(iv) �K�m

(v) T3-�m;
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(vi) ÷v1��ê5ún;

(vii) �©�m. [ë�4.2!SK7.]

�kÙ§�:

(viii) lÑ�m;

(ix) ²T�m;

(x) k�4ÿÀ;

(xi) �ê4ÿÀ.

¤±\þëÏ5, ·���Ó�N��±�12�5�. d	, ü��

m(X, τ)Ú(Y, τ)Ø�UÓ�XJXÚYkØÓ�³(~XX�êYØ�ê)½

τÚτ1kØÓ�³.

ØØN�, ���A½�¯K�·��Uvk¤I�5�. ~X, y

²(0, 1)ØÚ[0, 1]Ó�, ½öy²RØ�R2Ó�. ·�é¯ò¬w�XÛy²

ù
�mØÓ�.

3·�UYc?�ù�:�c, 4·�)ûXe¯K: R�=
f�m

´ëÏ�?

½Â 4.3.3. R¥f8S¡�«m, e§÷vXe5�: XJx ∈ S, z ∈ S, y ∈
R¦�x < y < z, @oy ∈ S.

5 4.3.4. (i) 5¿z�ü:8{x}´�«m.

(ii) z�«mäe�/ª��: {a}, [a, b], (a, b), [a, b), (a, b], (−∞, a), (−∞, a],

(a,∞), [a,∞), (−∞,∞).

(iii) d~4.2.6, 54.2.7, 4.2!SK1, z�«m�(0, 1), [0, 1], [0, 1)½{0}Ó
�. 3�!SK1p·�U�Ñ���r�(Ø.

·K 4.3.5. R¥f�m´ëÏ���=�§´��«m.
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y²©¤k«m´ëÏ�ù�(ØU±y²·K3.3.3aq��ª5y:

3y²¥^·��yëÏ5�«m��¤k�R.

�L5, -S´ëÏ�. b� x ∈ S, z ∈ S, x < y < z,�y 6∈ S.

K(−∞, y) ∩ S = (−∞, y] ∩ S´S�m94f8. �Sk��4mf8,=

(−∞, y) ∩ S.

�
yÑS´ØëÏ�, ·�L�yd4m8´ý���f8. §´���,

dux ∈ S. §´ýf8,duz ∈ S�z 6∈ (−∞, y)∩S. u´SØëÏ.ù´�

gñ. ÏdS´��«m.

·�y3²x
���“ëÏ”ù�¶i��Ï. R�f�m,X[a, b], (a, b)

��´ëÏ�, �

X = [0, 1] ∪ [2, 3] ∪ [5, 6]

ù��f�m, §´“ØëÏ”Ü©�¿,Ø´ëÏ�.

y34·�=�y²(0, 1) 6∼= [0, 1]�¯K.Äk,·��Ñ��wå5Ã

';��¯¢:

5 4.3.6. -f : (X, τ) → (Y, τ1)�Ó�N�. -a ∈ X, u´X \
{a}´X�f�m, ¿äp�ÿÀτ2. �, Y \ {f(a)}´Y�f�m, �ä

p�ÿÀτ3. @o(X \ {a}, τ2)�(Y \ {f(a)}, τ3)Ó�.

y²© ({Ñy².) ½Âg : X \ {a} → Y \ {f(a)}, g(x) = f(x), é¤

kx ∈ X \ {a}.@oN´�yg´��Ó�N�. (�eù�:�y².)

��dd¯¢�����(Ø,·�kXeíØ:

íØ 4.3.7. XJa, b, c,Úd´÷va < b, c < d�¢ê, @o

(i) (a, b) 6∼= [c, d),

(ii) (a, b) 6∼= [c, d], �

(iii) [a, b) 6∼= [c, d].
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y²© (i) -(X, τ) = [c, d)�(Y, τ1) = (a, b). b� (X, τ) ∼= (Y, τ1). @

oX \ {c} ∼= Y \ {y}, é,�y ∈ Y. �X \ {c} = (c, d)´��«m,��ëÏ

�, ,Ø+·�l(a, b)¥�K=�:,����mÑ´ØëÏ�. Ïd, d

·K4.3.2,

X \ {c} 6∼= Y \ {y},é?Ûy ∈ Y .

ù´�gñ. �[c, d) 6∈ (a, b).

(ii) [c, d] \ {c}´ëÏ�, (a, b) \ {y}é¤ky ∈ (a, b)´ØëÏ�. Ï

d(a, b) 6∼= [c, d].

(iii) b� [a, b) ∼= [c, d]. K[c, d] \ {c} ∼= [a, b) \ {y},é,�y ∈ [a, b). Ï

d([c, d]\{c})\{d} ∼= ([a, b)\{y})\{z},é,�z ∈ [a, b)\{y};=(c, d) ∼= [a, b)\
{y, z}, é[a, b)¥,ü�ØÓ�:yÚz. �(c, d)´ëÏ�, [a, b) \ {y, z},
é[a, b)¥?Ûü�ØÓ�:yÚz5`Ñ´ØëÏ�. ¤±·���gñ. Ï

d[a, b) 6∼= [c, d].

SK4.3

1. ¦yz�«mÓ�u��¿=k��Xe��m:

{0}; (0, 1); [0, 1]; [0, 1).

2. l·K4.3.5íÑR�z��L��:��êf�m´ØëÏ�. (AO�,

ZÚQ´ØëÏ�.)

3. -X�R2¥�ü �; =X = {〈x, y〉 : x2 + y2 = 1}�äkf�mÿÀ.

(i) y²X \ {〈1, 0〉}�m«m(0, 1)Ó�.

(ii) í�ÑX 6∼= (0, 1)9X 6∼= [0, 1].

(iii) ÏL*	�é?Ûa ∈ X, f�mX \ {a}´ëÏ�,yÑX 6∼= [0, 1).

(iv) í�ÑXØÚ?Û«mÓ�.

4. -Y�

Y = {〈x, y〉 : x2 + y2 = 1} ∪ {〈x, y〉 : (x − 2)2 + y2 = 1}

�Ñ�R2þ�f�m.
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(i) YÚþ¡SK3¥�mXÓ�í?

(ii) YÚ,�«mÓ�í?

5. -Z�

Y = {〈x, y〉 : x2 + y2 = 1} ∪ {〈x, y〉 : (x − 3

2
)2 + y2 = 1}

�Ñ�R2þ�f�m. ¦y

(i) ZØÚ?Û«mÓ�, �

(ii) ZØÚX½YÓ�, ùpXÚY´3þ¡SK3Ú4¥�Ñ�8Ü.

6. y²Sorgenfrey�ØÚR, R2, ½düö?Û���?Ûf�mÓ�.

7. (i) ¦y1.1!SK5(i)¥�ÿÀ�mØ�1.1!SK9(ii)¥��mÓ�.

(ii) ∗ 31.1!SK5¥, (X, τ1) ∼= (X, τ2)¤áí?

(iii) ∗ 31.1!SK9¥, (X, τ2) ∼= (X, τ9)¤áí?

8. �(X, τ)���ÿÀ�m, ùpX´Ã�8. y²Xez�(Ø(�Ð´

�John GinsburgÚBill SandsyÑ�).

(i) ∗ (X, τ)k�(R, τ1)Ó��f�m,ùp½öτ1´²TÿÀ,½ö(N, τ1)

´T0-�m.

(ii) ∗∗ �(X, τ)���T1-�m. @o(X, τ)k�(N, τ2)Ó��f�m,ù

pτ2½ö´k�4ÿÀ,½ö´lÑÿÀ.

(iii) l(ii)íÑ?ÛÃ�Hausdorff�m�¹��Ã�lÑf�m, Ïd

�¹���älÑÿÀ�NÓ��f�m.

(iv) ∗∗ �(X, τ)´T0-�m, �Ø�T1-�m. K�m(X, τ)k�(N, τ3)Ó

��f�m, ùpτ3dN, ∅9¤k8Ü{1, 2, . . . , n}, n ∈ N�¤|

¤, ½τ3dN, ∅9¤k8Ü{n, n + 1, . . .}, n ∈ N�¤|¤.

(v) dþã(ØíÑz�Ã�ÿÀ�mk�(R, τ4)Ó��f�m,ùpτ4

´²TÿÀ, lÑÿÀ, k�4ÿÀ, ½´3(iv)¥¤£ã�ü�ÿ

À��, ©O¡�initial segment ÿÀÚfinal segment ÿÀ. ?�

Ú, ?Ûù5�NþÿÀ¥�ü�ÑØÓ�.
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9. -(X, τ)Ú(Y, τ1)�ÿÀ�m. N�f : X → Y¡�ÛÜÓ�N�, XJ

z�x ∈ Xk��m��U¦�fòUÓ�/N��(Y, τ1)�mf�mV ;

=XJτ3Uþp��ÿÀ�τ2, τ13V = f(U)þp��ÿÀτ3, @of

´(U, τ2)�(V, τ3)þ�Ó�N�. ÿÀ�m(X, τ)¡�Ú(Y, τ1)´ÛÜÓ

��, XJ�3(X, τ) �(Y, τ1) þ�ÛÜÓ�N�.

(i) XJ(X, τ)Ú(Y, τ1)´Ó�ÿÀ�m, �y(X, τ)Ú(Y, τ1)´ÛÜÓ

��.

(ii) XJ(X, τ)´(Y, τ1)�mf�m, ¦y(X, τ)Ú(Y, τ1)´ÛÜÓ��.

(iii) ∗¦yXJf : (X, τ) → (Y, τ1)´ÛÜÓ�N�,@ofòz�(X, τ)

�mf8N��(Y, τ1) ���mf8.

§4.4 �P

kn«lP�ÿÀ�m��#ÿÀ�m��{: )¤f�m,¦È�m,

Úû�m. ·��ïÄ¤kùn«�ª. �Ù·�ïÄ
)¤f�m. ù¦

�·��±Ú\��m,XQ, [a, b], (a, b)��.

·�½Â
Ó�ù�¥%Vg. ·�5¿�
“∼=” ´��d'X. ��

5�¡�´ÿÀ�, XJ²LÓ�N�§�±�±; =, e(X, τ) ∼= (Y, τ1),

(X, τ)äkd5�, K(Y, τ1)�½�kd5�. ·�`²
ëÏ5´ÿÀ5

�. Ïd?Û�ëÏ�mÓ���m´ëÏ�. (�
Ù§�ÿÀ5���

(@
.) ·��ª½Â
R¥«m�Vg, ¿y²
«m�´R¥�ëÏf

�m.

�½ü�ÿÀ�m(X, τ)Ú(Y, τ1),`²§�´Ä´Ó��´ék¿g�

?Ö. ·�y²
z�R¥�«mÓ�u[0, 1], (0, 1), [0, 1), {0}¥�����
k��. e�Ù·�y²RÚRØÓ�. �J�¯K´y²RÚR3ØÓ�. ù

3±�ò¬ÏLJordan �½n5y². ¦+Xd, ¯¢þRn ∼= Rm ��

=�n = m. ù�ÐÏL�êÿÀ5?n. �Ö�´{ü�9
�êÿÀ.

4.2!SK6Ú\
Ó�N�+�Vg. ÒÙ��ó, Ó�N�+´�

�k�¿��ÌK.
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�ó

3ý�õêXêÆ�©|p·�ïÄ3�ÆØp¡�“é�”Ú“�Þ”�

ÀÜ. 3�5�êpé�´�þ�m, �Þ´�5C�. 3+Øpé�´+,

�Þ´Ó�, 38ÜnØpé�´8Ü,�Þ´N�. 3ÿÀÆp, 8I´

ÿÀ�m. ·�y3Ú\ùp��Þ—ëYN�.

§5.1 ëYN�

�,·�@®ÙG1R�R�ëY¼ê�Vg.

¼êf : R →¡�ëY�, XJéz�a ∈ R 9z��¢êε, �3�¢

êδ ¦�d|x− a| < δ ��|f(x) − f(a)| < ε.

Noòù�½Âí2����ÿÀ�m��¹�:�Ø²w,ùp·�

vk“ýé�”½“~{”. ¤±·�òÏ¦,��(�d�)ëY5�½Â, ù

�½Â�N´��í2.

N´w�f : R → R´ëY�,��=�éz�a ∈ RÚz�«m(f(a)−
ε, f(a) + ε), éε > 0, �3δ > 0, ¦�f(x) ∈ (f(a) − ε, f(a) + ε) é¤

kx ∈ (a − δ, a + δ).

ù�½Â´��U?, Ï�§vk�9“ýé�”�Vg, �§E,�9


“~{”. e��ÚnL²
No5;�~{.

Ún 5.1.1. -f���R�Ùg��¼ê. Kf´ëY�,��=�éz�a ∈
R Úz��¹f(a) �m8U , �3m8�¹a �m8V ¦�f(V ) ⊆ U .

y²©�f´ëY�. -a ∈ R, U ��¹f(a) �?Ûm8. K�3¢

êc Úd ¦�f(a) ∈ (c, d) ⊆ U. 4ε �uü�êd− f(a) Úf(a) − c ¥��

���, u´

(f(a) − ε, f(a) + ε) ⊆ U.

1ù�!�c�Ü©b½\k�
¢©Û��£, AO´ëY5�ε − δ½Â. XJØ

´ù��, @o��c?�½Â5.1.3.

74
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duN�f ëY, �3δ > 0 ¦�é¤kx ∈ (a − δ, a + δ) ¤á(f(x) ∈
f(a) − ε, f(a) + ε). -V �m8(a − δ, a + δ). Ka ∈ V �f(V ) ⊆ U, X¤�

¦�.

�L5, �éz�a ∈ R Úz��¹f(a)�m8U , �3�¹a�m8V

¦�f(V ) ⊆ U . ·�LyÑf ´ëY�. �a ∈ R, ε �?Û�¢ê. 4U =

(f(a)−ε, f(a)+ε).u´U ����¹f(a)�m8. Ïd�3�¹a�m8V ,

¦�f(V ) ⊆ U . duV ´�¹a �m8, �3¢êc Úd ¦�a ∈ (c, d) ⊆ V.

4δ �uü�êd− a Úa − c¥���@�, u´(a − δ, a + δ) ⊆ V . @oé

¤kx ∈ (a − δ, a + δ), f(x) ∈ f(V ) ⊆ U, X¤�¦�. Ïdf ëY.

·��±^3Ún5.1.1¥�x�5�5½ÂëY5,,Xe�Ún¦

�·��±�Ñ���ä��½Â.

Ún 5.1.2. -f ���ÿÀ�m(X, τ) ���ÿÀ�m(Y, τ ′) �N�. K

Xeü�^��d:

(i) éz�U ∈ τ ′, f−1(U) ∈ τ.

(ii) éz�÷vf(a) ∈ U �a ∈ X, U ∈ τ ′, �3V ∈ τ ¦�a ∈ V

�f(V ) ⊆ U.

y²©

�^�(i)¤á. -a ∈ X 9U ∈ τ ′, f(a) ∈ U . @of−1(U) ∈ τ. -V =

f−1(U), ·�ka ∈ V, V ∈ τ, 9f(V ) ⊆ U. �^�(ii)¤á.

�L5,�^�(ii)¤á. -U ∈ τ′. XJf−1(U) = ∅,@ow,f−1(U) ∈
τ. XJf−1(U) 6= ∅, -a ∈ f−1(U). @of(a) ∈ U . Ïd�3V ∈ τ ¦�a ∈
V, f(V ) ⊆ U . ¤±é?Ûa ∈ f−1(X) �3V ∈ T ¦�a ∈ V ⊆ f−1(U). d

íØ3.2.9, ��f−1(U) ∈ τ. �^�(i)¤á.

òÚn5.1.1Ú5.1.2���å, ·���f : R → R ´ëY�, ��=�

éz�R ¥�m8U , f−1(U) ´m8.

dd·�½Âü�ÿÀ�m�mëY¼ê�VgXe:

½Â 5.1.3. -(X, τ) Ú(Y, τ1) �ÿÀ�m, f �X �Y�N�. @of :

(X, τ) → (Y, τ1) ¡�ëYN�, XJéz�U ∈ τ1, f
−1(U) ∈ τ.
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lþ¡�µ5�±wÑù�ëY5�½Â�(X, τ) = (Y, τ1) = R ��

Ï~½Â´���.

4·�ÏL�ÄA�{ü�~f5wwù�ëY5�½Â3¢S¥´

õoÐ^.

~ 5.1.4. �Äf : R → R, df(x) = x, é¤kx ∈ R ½Â; =f ´ð�¼ê.

Ké?ÛR ¥�m8U , f−1(U) = U, u´�m8. Ïdf ´ëY�.

~ 5.1.5. -f : R → R, df(x) = c é~êc Ú¤kx ∈ R �½. -U �?

ÛR ¥�m8. w,f−1(U) = R, XJc ∈ U , f−1(U) = ∅, XJc 6∈ U. 3ù

ü«�¹e, f−1(U) Ñ´m�. Ïdf ´ëY�.

~ 5.1.6. �Äf : R → R, d

f(x) =

{

x − 1, XJx ≤ 3
1
2
(x + 5), XJx > 3.
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1 2 3 4 5

1

2

3

4

5

PX��N�´ëY�,��=�z�m8�_N�´m8.

Ïd, �yÑf ØëY, ·�Lé���8ÜU ¦�f−1(U) Ø´

m8.

@of−1((1, 3)) = (2, 3], Ø´m8. Ïdf ØëY.

5¿�Ún5.1.2 y3�±±eã�ª#Qã.2

2XJ\�vkÖLÚn5.1.2Ú§�y², \y3Tùo�
.
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·K 5.1.7. -f �ÿÀ�m(X, τ) �(Y, τ ′) þ�N�. @of ´ëY��

�=�é÷vf(x) ∈ U�z�x ∈ X Úz�U ∈ τ ′, �3V ∈ τ ¦�x ∈ V ,

f(V ) ⊆ U.

·K 5.1.8. -(X, τ), (Y, τ1) Ú(Z, τ2) �ÿÀ�m. XJf : (X, τ) → (Y, τ1)

Úg : (Y, τ1) → (Z, τ2) ´ëYN�, @oEÜN�g ◦ f : (X, τ) → (Z, τ2) ´

ëY�.

y²©

�
y²EÜ¼êg ◦ f : (X, τ) → (Z, τ2) ´ëY�,·�LyÑ

XJU ∈ τ2, @o(g ◦ f)−1(U) ∈ τ.

�(g ◦ f)−1(U) = f−1(g−1(U)).

-U �(Z, τ2)¥�m8. dugëY, g−1(U)´τ1¥�m8. @of−1(g−1(U))

´τ ¥�m8, duf ´ëY�. �f−1(g−1(U)) = (g ◦ f)−1(U). �g ◦ f ë

Y.

e��(JL²XJ·��¿,ëY5�±^48Ø´m8��ó5

�x.

·K 5.1.9. -(X, τ) Ú(Y, τ1) �ÿÀ�m. @of : (X, τ) → ´ëY�, �

�=�éz�Y ¥�4f8S, f−1(S) ´X �4f8.

y²©

��\@£�

f−1(S �Ö8) = f−1(S)�Ö8,

·K(Ø�±á=�Ñ.

5 5.1.10. 3ëYN�ÚÓ�N��mk'X:XJf : (X, τ) → (Y, τ1)

´Ó�N�, @o§´ëYN�. �,Ø´¤këYN�´Ó�N�.

,e¡�·K�
�¡�£ã,Ùy²�l“ëY”Ú“Ó�”�½Â�

�.
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·K 5.1.11. -(X, τ) Ú(Y, τ) �ÿÀ�m, f �X �Y �N�. Kf ´Ó

�N���=�

(i) f ´ëY�,

(ii) f ´����þ�; =_N�f−1 : Y → X �3, �

(iii) f−1 ´ëY�.

e¡�·Kék^, §w�·�ëYN���½´ëYN�. §�§S

5�y²3�Öö–�ë��!SK8.

·K 5.1.12. -(X, τ) Ú(Y, τ1) �ÿÀ�m, f : (X, τ) → (Y, τ1) �ëYN

�, A �X �f8, τ2 ´A þ�p�ÿÀ. ?�Ú, -g : (A, τ2) → (Y, τ1)

´f �A þ��½; =g(x) = f(x), é¤kx ∈ A. @og ´ëY�.

SK5.1

1. (i) -f : (X, τ) → (Y, τ1) �~N�. y²f ´ëY�.

(ii) -f : (X, τ) → (X, τ) �ð�N�. y²f ´ëY�.

2. -f : R → R, d

f(x) =

{

−1, x ≤ 0

1, x > 0

�Ñ.

(i) A^~5.1.6�Ñ��{,y²f ØëY.

(ii) éÑf−1({1}), ¿A^·K5.1.9, í�Ñf ØëY.

3. -f : R → R, d

f(x) =

{

x, x ≤ 1

x + 2, x > 1

�Ñ. f ëYí? (�Ñnd.)
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4. -(X, τ)�X = [0, 1]∪ [2, 4]�Ñ�R�f�m. ½Âf : (X, τ) → R,d

f(x) =

{

1, XJx ∈ [0, 1]

2, XJx ∈ [2, 4]

�Ñ. ¦yf ´ëY�. (ù-\a�¯ç
í?)

5. -(X, τ) Ú(Y, τ1) ´ÿÀ�m, B ´ÿÀτ1 �Ä. ¦yN�f : (X, τ) →
(Y, τ1) ´ëY���=�éz�U ∈ B Ñkf−1(U) ∈ τ.

6. -(X, τ) Ú(Y, τ1) ´ÿÀ�m, f �X �Y �N�. XJ(X, τ) ´lÑ

�m, ¦yf ´ëY�.

7. -(X, τ) Ú(Y, τ1) ´ÿÀ�m, f �X �Y �N�. XJ(Y, τ1) ´²T

�m, ¦yf ´ëY�.

8. -(X, τ) Ú(Y, τ1) ´ÿÀ�m, f : (X, τ) → (Y, τ1) �ëYN�. -A

�X �f8, τ2 �A þ�p�ÿÀ, B = f(A), τ3 �B þ�p�ÿÀ,

g : (A, τ2) → (B, τ3) �f 3A þ��½. ¦yg ´ëY�.

9. -f ��m(X, τ)�(Y, τ′)�N�. ¦yf ´ëY�,��=�éz�x ∈
X, z�f(x) �+�, �3x ���M , ¦�f(M) ⊆ N.

10. -τ1 Úτ2 ´8ÜX þ�ü�ÿÀ. Kτ1 ¡�'τ2 �[ÿÀ(τ2 ¡�'τ1

�oÿÀ), XJτ1 ⊇ τ2. ¦y

(i) îAp�ÿÀR 'R þ�k�4ÿÀ�[;

(ii) ð�¼êf : (X, τ1) → (X, τ2) ´ëY�, ��=�τ1 ´'τ2 �[

ÿÀ.

11. -f : R → R ´¦�é?Ûknêq Ñ¤áf(q) = 0 �ëY¼ê. ¦y

éz�x ∈ R, f(x) = 0.

12. -(X, τ) Ú(Y, τ1) �ÿÀ�m, f : (X, τ) → (Y, τ1) �ëYN�. XJf

´���, ¦y

(i) e(Y, τ1) ´Hausdorff�, K(X, τ) ´Hausdorff�.



80 1ÊÙ ëYN�

(ii) e(Y, τ1) ´T1-�m, K(X, τ) ´T1-�m.

13. -(X, τ) Ú(Y, τ1) �ÿÀ�m, f �(X, τ) �(Y, τ1) �N�. ¦yf ´ë

Y�, ��=�é?ÛX �f8A, f(A) ⊆ f(A).

[J«: |^·K5.1.9.]

§5.2 0�½n

·K 5.2.1. -(X, τ) Ú(Y, τ1) �ÿÀ�m, f : (X, τ) → (Y, τ1) �÷��ë

Y. XJ(X, τ) ´ëÏ�, @o(Y, τ1) ´ëÏ�.

y²©b�(Y, τ1)ØëÏ. @o§k��4mf8U ¦�U 6= ∅�U 6=
Y. @of−1(U) ´m8, Ï�f ´ëY�, ¿�d·K5.1.9���´48;

=f−1(U) ´X þ�4mf8. f−1(U) 6= ∅, duf ´÷��U 6= ∅. �

kf−1(U) 6= X, duXJ§���,�âf �÷�5U Ò¬�uY . �(X, τ)

ØëÏ. ù´�gñ. Ïd(Y, τ1) ´ëÏ�.

5 5.2.2. (i) XJ�K^�“÷�”, @oþã·K´�Ø�. (é��

~f5`²ù�:.)

(ii) {ü/`, ·K5.2.1 ´ù: ëÏ8�?ÛëYN�´ëÏ�.

(iii) ·K5.2.1 w�·�XJ(X, τ)´ëÏ�m, (Y, τ ′) Ø´ëÏ�(=Øë

Ï), @oØ�3(X, τ) �(Y, τ′) ��þëYN�. ~X, ¦+kÃ�

�R �Q (½Z) ��þ�N�, §�ÑØ´ëY�. ¯¢þ3�!S

K10·�òw����R �Q (½Z)�ëYN�´~N�.

XeëÏ5Vg�\r��²~´k^�.

½Â 5.2.3. ÿÀ�m(X, τ) ¡�´´»ëÏ�, XJéz�éX ¥�ØÓ

�:a Úb, �3ëYN�f : [0, 1] → (X, τ), ¦�f(0) = a �f(1) = b. N

�f ¡�ë�a�b �´».

~ 5.2.4. N´w�z�«m´´»ëÏ�.

~ 5.2.5. éz�n ≥ 1, Rn ´´»ëÏ�.



§5.2 0�½n 81

·K 5.2.6. z�´»ëÏ�m´ëÏ�.

y²©-(X, τ) �´»ëÏ�m, b�§Ø´ëÏ�.

@o§k��ý��4mf8U . ¤±�3aÚb¦�a ∈ U , b ∈ X \U .

du(X, τ) ´´»ëÏ�, �3ëY¼êf : [0, 1] → (X, τ) ¦�f(0) = a

�f(1) = b.

,, f−1(U)´[0, 1]�4mf8. dua ∈ U, 0 ∈ f−1(U),u´f−1(U) 6=
∅. dub 6∈ U, 1 6∈ f−1(U), Ïdf−1(U) 6= [0, 1]. u´f−1(U) ´[0, 1]�ý�

�4mf8, ù�[0, 1] �ëÏ5gñ.

¤±(X, τ) ´ëÏ�.

5 5.2.7. ·K5.2.6�_·K´Øé�; =Ø´z�ëÏ�m´´»ë

Ï�. Xe�R2 �f�m´ù���m���~f:

X = {〈x, y〉 : y = sin(1/x), 0 < x ≤ 1} ∪ {〈0, y〉 : −1 ≤ y ≤ 1}.

[�!SK6L²X ´ëÏ�. XØ´´»ëÏ�ù:UÏLy²vk´

»ë�〈0, 0〉 �, ~X, :〈1/π, 0〉, �Ñ. x��ã, ÁX¦\gC(&ù

�:.]

·�y3�±L²R 6∼= R2.

~ 5.2.8. w,R2 \ {〈0, 0〉} ´´»ëÏ�, Ïdd·K5.2.6, ´ëÏ�. ,

, é?Ûa ∈ R, R \ {a} Ñ´ØëÏ�. Ïd, R 6∼= R2.

·�y3�ÑWeierstrass0�½n, §´ÿÀÆ3¢Cþ¼ênØ¥�

��{w�A^. éù�(J�'��ÿÀVg´ëÏ5Vg.

½n 5.2.9. (Weierstrass0�½n) �f : [a, b] → R ´ëY�, ¿�f(a) 6=
f(b). @oéz�f(a) Úf(b) �m�êp, �3:c ∈ [a, b] ¦�f(c) = p.

y²©du[a, b] ´ëÏ��f ´ëY�, ·K5.2.1L²f([a, b]) ´ëÏ

�. d·K4.3.5, ù`²f([a, b]) ´�«m. f(a) Úf(b) áuf([a, b]). u´

XJp 3f(a) Úf(b) �m, p ∈ f([a, b]), =é,�c ∈ [a, b], p = f(c).
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íØ 5.2.10. XJf : [a, b] → R ´ëY�¿¦�f(a) > 0, f(b) < 0, @o�

3x ∈ [a, b], ¦�f(x) = 0.

íØ 5.2.11. (ØÄ:½n) -f �[0, 1] �[0, 1] �ëYN�. @o�3z ∈
[0, 1] ¦�f(z) = z. (:z ¡�ØÄ:.)

y²©XJf(0) = 0 ½f(1) = 1, (Øw,¤á. Ïd�Ä�f(0) > 0

�f(1) < 1 ��/Ò

.

-g : [0, 1] → R dg(x) = x − f(x) ½Â. w,g ´ëY�, g(0) =

−f(0) < 0, �g(1) = 1 − f(1) > 0. u´, díØ5.2.10, �3z ∈ [0, 1] ¦

�g(z) = 0; =, z − f(z) = 0, z = f(z).

5 5.2.12. íØ5.2.11´��¡�BrouwerØÄ:½n��~��½

n�AÏ�¹. BrouwerØÄ:½n�ÑXJò��n ��NëYN��

§g�, @o�3ØÄ:. [kéõ'uù�½n�y², �ý�õê�6

u�êÿÀ��{. K. Kuratowski �Ö“Introduction to Set Theory and

Topology” (Pergamon Press, 1961) ¥238-239��Ñ
��{ü´Ã�y

².]

SK5.2

1. ¦y��´»ëÏ�m�ëYN�´´»ëÏ�.

2. -f �«m[a, b] �Ùg��ëYN�, ùpa, b ∈ R, a < b. ¦y�3Ø

Ä:.

3. (i) �Ñ��~f5`²XJ·�3íØ5.2.11¥^(0, 1)��¤k[0, 1],

@o���(Ø´�Ø�.

(ii) ÿÀ�m(X, τ) ¡�äkØÄ:5�, XJz�(X, τ)�Ùg��

ëYN�kØÄ:. y²=k�äkØÄ:5��«m´4«m.

(iii) -X´��kü�:�8Ü.¦ylÑ�m(X, τ)Ú²T�m(X, τ ′)

ØäkØÄ:5�.

(iv) ��äkk�4ÿÀ���mäkØÄ:5�í?
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(v) ¦yXJ�m(X, τ)kØÄ:5�, (Y, τ1) ´Ó�u(X, τ)��m,

@o(Y, τ1) äkØÄ:5�.

4. -{Aj : j ∈ J}�ÿÀ�m(X, τ)�ëÏf�m|¤�8q. XJ
⋂

j∈J Aj 6=
∅, y²

⋃

j∈J Aj ´ëÏ�.

5. -A�ÿÀ�m(X, τ)�ëÏf�m. ¦yA�´ëÏ�. ¢Sþ,¦y

XJA ⊆ B ⊆ A, @oB ´ëÏ�.

6. (i) ¦yR2 ¥�f�mY = {〈x, y〉 : y = sin(1/x), 0 < x ≤ 1} ´ëÏ
�.

[J«: |^·K5.2.1]

(ii) �yY = Y ∪ {〈0, y〉 : −1 ≤ y ≤ 1}.

(iii) |^SK5,wÑY ´ëÏ�.

7. -E �R2 ¥¤kü��IÑ´knê�:�8Ü. ¦y�mR2 \ E ´

´»ëÏ�.

8. ∗ -C �R2 ¥?Û�êf8. ¦y�mR2 \ C ´´»ëÏ�.

9. -(X, τ) �ÿÀ�m, a �X ¥�?¿:. X ¥a �©þ, CX(a) ½Â

�¤k�¹a �X ¥ëÏf8�¿. ¦y

(i) CX(a) ´ëÏ�. (|^þ¡SK4.)

(ii) CX(a) ´�¹a ���ëÏ8.

(iii) CX(a) 3X ¥´4�. (|^þ¡SK5.)

10. ÿÀ�m(X, τ)¡���ØëÏ�,XJz���ëÏf8´ü:8. ¦

yXe(Ø.

(i) (X, τ) ´��ØëÏ�, ��=�éz�a ∈ X, CX(a) = {a}. (ë

�SK9¥�PÒ.)

(ii) äkÏ~ÿÀ�¤kknê|¤�8ÜQ´��ØëÏ�.
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(iii) XJf ´R �Q �ëYN�, ¦y�3c ∈ Q ¦�é¤kx ∈ R,

f(x) = c.

(iv) z���ØëÏ�m�f�m´��ØëÏ�.

(v) z�R2 ¥��êf�m´��ØëÏ�.

(vi) Sorgenfrey�´��ØëÏ�.

11. (i) |^SK9, ±�«g,��ª½ÂÿÀ�m¥:�“´»©þ”.

(ii) ¦y3?ÛÿÀ�m,z�´»©þ´´»ëÏ�m.

(iii) XJ(X, τ)´äk5�: z�X ¥�:Ñk��´»ëÏ����

ÿÀ�m, ¦yz�´»©þ´m8. í�Ñz�´»©þ�´4

8.

(iv) |^(iii), y²R2 ¥�mf8´ëÏ�, ��=�§´´»ëÏ�.

12. ∗ -AÚB ´ÿÀ�m(X, τ)�f8. XJAÚB Ñ´m�½Ñ´4�,

�A ∪ B ÚA ∩ B Ñ´ëÏ�, ¦yA ÚB Ñ´ëÏ�.

13. ��ÿÀ�m(X, τ)¡�´"��,XJdÿÀkd4m8|¤�Ä.¦

yXe(Ø.

(i) Q ÚP ´"��m.

(ii) "��m�f�m´"��.

(iii) "�Hausdorff�m´��ØëÏ�. (ë�þ¡SK10.)

(iv) z�²T�m´"��.

(v) z�lÑ�m´"��.

(vi) �L��:�²T�mØ´��ØëÏ�.

(vii) "�T0-�m´Hausdorff�.

(viii) ∗ R ¥�f�m´"����=�§´��ØëÏ.

14. ¦yz�ÛÜÓ�N�´ëYN�. (ë�4.3!SK9.)
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§5.3 �P

�Ù·�¡ÿÀ�m�N�3´“ëY”�, XJ§äkz�m8�_N

�´m8�5�. ù´�éä��½Â¿N´n). §�·�3¢©Û¥�

��½Â/¤éì, ù�½Â3�Ùm©J�
. ·�í2
¢©Û¥�½

Â. Ø´�
í2í2, ´�
w��o´ý�u)�.

Weierstrass0�½n�úþw´éw,�, �·�y3²x§´lR´

ëÏ�, ¿�?ÛëÏ�m�ëYN�´ëÏ�ù�¯¢¥�5�.

·�Ú\
'ëÏ�r���5�, =´»ëÏ. 3éõ�¹erN�

m´ëÏ��Ø
, §7L´´»ëÏ�. d5�3�êÿÀ¥�ü��

���Ú.

8�·�ò¬£�BrouwerØÄ:½n. §´��k%å�½n. ØÄ

:½n3�)ÿÀÆ,�¼©ÛÚ�©�§3S�õ�êÆ©|¥�ü�

�Ú. §�8UE,´��ïÄ¹Ä�ÌK.

35.2!SK9Ú10·���
“©þ”Ú“��ØëÏ”�Vg. én)ë

Ï55`, ùü�VgÑ´��.

3�
Ö^â�“N�”5�ëYN�. ·�vkù�.
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